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A detailed study of the singularity theorem s is presented. I discuss the
plausibility and reasonability of their hypotheses, the applicability and
implicat ions of the theorems, as well as the theorems them selves. The
consequences usually ex t racted from them, some of them without the
necessa ry rigour, are widely and carefu lly analysed with many clarify ing
examples and alternat ive views.
1. INTRODUCTION
It is now more than 30 years since the appearance of the Penrose singularity
theorem [162], and more than 40 years since the fundamental Raychaud-
huri equat ion and results were published [170]. Much work based on these
important ideas was later developed and has become one of the main parts
of classical general relat ivity: singularity theorems and related problems.
It has even crossed the standard limits of general relat ivity and become
a ® eld of interest both for other branches of physics or mathematics and
for the general public. This is due to its possible consequences concerning
gravitational collapse, astrophysics and cosmology, which are very popular
nowadays. The singularity theorems can be termed as one of the greatest
achievements within relat ivity, but they contain some mathematical and
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physical subt leties which cause them to be, on some occasions, wrongly in-
terpreted or not well-understood. The main conclusions of the singularity
theorems are usually int erpreted as providing evidence of the (classical)
singular beginning of the Universe and of the singular ® nal fate of some
stars. To what extent this is truly so will be analysed here.
In fact, the singularity theorems do not exact ly lead to such conclu-
sions, but given that singularity theory in general relat ivity is a di cult
matter, there has always been a wish to simplify the `exact wording’ of
the theorems Ð while keeping the essent ials by pinpoint ing the important
clues Ð such that their assumptions and conclusions could be easily un-
derstood and applied to some simple situat ions. Unfortunat ely, all these
simplifying attempts have not succeeded, even though sometimes they were
devised very cleverly. I have the feeling that any other simplifying attempt
yet to come is also doomed to failure, given that many explicit examples
show that exact rigour Ð both in the assumpt ions and the conclusions Ð
is absolut ely necessary. Many such examples will be presented in this
paper. The lesson is that one has to rely on the true actual theorems,
and this is sometimes unpleasant as they need a rather good knowledge
of the standard global and causality techniques in general relat ivity. One
of the purposes of this paper is to collect all that is needed for the singu-
larity theorems in a manner as easy and simple as possible. Everything
will be treated within classical relat ivity; semi-classical theories, quan-
tum phenomena or quant um gravity will not be taken into account , as
they essent ially change the physics behind the singularity theorems and
thereby drast ically modify their conclusions. Alternative classical gravi-
tation theories will not be considered either, although many results are
easily recovered there (see the complete review, Ref. 84) .
The main quest ions to be treated here are: what do the singularity
theorems say, and what do they not say? And, what are their actual
consequences? To that end, on the one hand the paper is completely self-
contained, and on the other hand it has many explicit examples illust rating
the subtlet ies and problems behind most concepts and results. Concerning
the ® rst point , only standard basic general relat ivity is needed to be able to
read the whole paper. The global causality theory, the concepts of maximal
curves and its existence, the focusing of geodesics, and all that is basic for
the singularity theorems, are fully developed step-by-step in Section 2. Of
course, there are excellent references for these mathematical development s,
such as [107,165]; besides, there exist very good and complete reviews,
for instance [220]. Nevertheless, and even though Section 2 is essentially
standard as there are no new results, I have tried to keep the level as simple
as possible compatible with absolut e rigour, and many of the proofs have
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been modi® ed Ð and sometimes given in further detail Ð with respect to
the standard references. People interested in these global techniques who
nonetheless are not experts on them may ® nd this section of some help,
for most of the developments are carefully proved while keeping always
the maximum simplicity. Moreover, the basic tradit ional structure has
been part ially reorganized so that every single result appears at its natural
place, and some of the fundamental steps have been split into simpler
smaller ones, making the way to the singularity theorems more pract icable.
However, readers familiar with the global techniques may ® nd it more
useful to skip Sect ion 2 and go direct ly to Section 3.
The rest of the sections, with the exception of Section 5 which is de-
voted to the full proof of the theorems themselves, contain many original
explicit and simple examples, together with a deep analysis of the concepts
involved, showing how some intuit ive or naive conclusions concerning sin-
gularity theorems may be false. The emphasis is placed on the alternative
views with regard to what can be considered the standard opinion, and
specially on the doors left open by the theorems in order to construct re-
alist ic and reasonable singularity -free spacet imes. Section 3 is devoted to
the study, de® nit ion, classi® cation and propert ies of singularit ies. Several
explicit examples are shown, and the problem of choosing extensions of
given incomplete spacet imes, and how to construct them, will be exam-
ined. The concept of a singular extension is introduced and shown to be
both necessary in some situat ions and a non-orthodox alternative possi-
bility in some other cases. A de® nit ion of big-bang singularity, together
with the unusual propert ies they may have, is also provided. In Section 4
the fundamental concepts of trapped sets and closed trapped surfaces are
int roduced. This is mainly standard but some explicit examples are given.
The consequences of their existence relevant to the singularity theorems
are explicit ly proved here. Again, Sections 4 and 5 may be skipped by
connoisseurs.
The last two sect ions are completely original and may be controver-
sial. Section 6 is devoted to a thorough analysis of the assumptions and
conclusions of the theorems. A skeleton pattern-theorem for the singu-
larity theorems is shown, and the intuit ive ideas behind their proofs are
explicit ly described. A full detailed out spoken criticism of the singularity
theorems is presented, considering each of its parts on its own, and ending
with a summary of what I think their main unsolved weaknesses are. Most
of this crit icism is support ed by many explicit and illust rative examples
given in the last Section 7, with a total of nine diŒerent subsect ions. All the
examples are simple and clear, and each of them sheds light on a part icular
part , or on a part icular widespread Ð but incorrect Ð belief concerning
70 4 S e nov il la
the theorems; in other cases, the examples show which part icular things
are taken for granted, sometimes incorrect ly. A tentative de® nit ion of a
classical cosmological model is put forward, and many non-singular space-
times are explicit ly given. Sometimes, the exist ence of such examples has
been considered surprising, but that is precisely the purpose: they show
that many doors for constructing regular realist ic spacet imes are st ill open.
They also allow us to control the degrees of necessity of the theorem as-
sumptions, proving manifest ly that they cannot be relaxed and that they
may be more demanding than is usually thought .
Before entering into the main subject, let us brie¯ y review the notation
to be used in this paper. The closure, interior and boundary of a set f are
denoted by f, int f and ¶ f, respectively. The proper and normal inclusions
are denoted by Ì and Í , as usual. Einstein’ s equat ions are written as
Rm u ±
1
2gmuR = Tmu ,
where Tmu is the energy-momentum tensor, Rmu is the Ricci tensor and
R is the scalar curvature. The geometrized unit s 8pG = c = 1 are used
throughout the paper. An equality by de® nit ion is denoted by º , while
the end (or the absence) of a proof is signaled by . Greek indices run from
0 to 3, small lat in indices from 1 to 3 and capital lat in indices take the
values 2 and 3. The sign of the Riemann tensor Rablm is de® ned by eq. (26) .
Boldface letters and arrowed symbols indicat e one-forms and vectors, re-
spect ively, and the exterior diŒerential is denoted by d. Square or round
brackets enclosing some indices denote the usual (ant i-) symmetrizat ion.
The metric tensor ® eld is denoted by g, and the line-element in any local
coordinat e chart f xm g is the quant ity
ds
2
= gmudxm dxu .
2. BASIC RESULTS IN GENERAL RELATIVITY AND CAUSALITY
The basic arena in General Relativity is the spacetime . A C k space-
time (V4 ,g) is a paracompact, connected, oriented, HausdorŒ, 4-dimen-
sional diŒerentiable manifold V4 endowed with a C
k (k ³ 2 ± ) Lorentzian
metric g (signature ± , + , + ,+ ) [12,65,107,187,2 39]. A function f is Ck -
if f is C k - 1 and its (k ± 1)th derivat ives are locally Lipschit z funct ions.
The tangent space TpV4 at each point p 2 V4 has the typical Minkow-
ski structure with the two-sheeted light cone, which classi® es all non-zero
vectors
®
v 2 TpV4 into spacelike, timelike and null (also called light like)
for gj p ( ®v , ®v ) posit ive, negat ive or zero, respectively. Further, choosing an
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arbit rary timelike vector
®
t as future-point ing at p, all timelike and null
non-zero vectors in TpV4 are subdivided into future- and past-point ing ac-
cording to whether gj p ( ®t, ®v ) is negat ive or posit ive. If this choice can be
made globally and continuously, then the spacetime is time-orientable. Not
all spacetimes are necessarily so [12,41,107], but I shall assume throughout
that the spacet ime is time-oriented. This is equivalent to the existence of
a globally de® ned continuous timelike vector ® eld.
De ® n it ion 2 .1. A hypersurface is the image of a continuous piecewise C 3
map F : S ± ® V4 from an orientable 3-dimensional manifold S into the
spacet ime. Similarly, a surface is the image of a continuous piecewise C 3
map F : S ± ® V4 from an orientable 2-dimensional manifold S into the
spacet ime. Here a continuous piecewise C3 imbedding is a map F with
inverse F - 1 where both F and F - 1 are continuous piecewise C 3 and such
that F is a homeomorphism onto its image in the induced topology.
We shall ident ify S , S and their images F (S ), F (S ) as is customary. Usu-
ally, the hypersurfaces and surfaces considered will be smooth (every-
where C3 ), but in some cases we will need hypersurfaces with ª cornersº
which will be explicit ly stated. In any local coordinat e system f xm g ,
(m, u, . . . = 0, 1, 2, 3) the imbedding is simply given by the so-called para-
metric form, that is to say, by the equat ions
xa = F a (u ), (1)
where f u i g (or f uA g ) are intrinsic coordinat es in S (or S ), respectively
(i , j , . . . = 1, 2, 3; A, B , . . . = 2, 3), and the jacobian matrix is of rank three
all over S (resp. rank two over S ). The hypersurface S is also locally
de® ned through the equat ion F (x) = 0 for some funct ion F . Similarly, the
surface S is locally de® ned by two independent funct ions f 1 (x) = 0 and
f 2 (x) = 0.
The intrinsic tangent vectors ¶ / ¶ u i in S (or ¶ / ¶ uA in S) can be
pushed forward to three (two) linearly independent vectors
®
ei (
®
eA ) on the
manifold given by
®
ei º emi
¶
¶ xm S
º ¶ F
m
¶ u i
¶
¶ xm S
,
®
eA º emA
¶
¶ xm S
º ¶ F
m
¶ uA
¶
¶ xm S
.
(2)
Note that these vectors are de® ned only on S or S . We shall refer to them
as the tangent vectors of S or S . The ® rst fundamental form of S or S in
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V4 is the pull-back of the spacet ime metric gmu to S or S , that is
c i j º gmu
S
¶ F m
¶ u i
¶ F u
¶ u j
, cAB º gmu
S
¶ F m
¶ uA
¶ F u
¶ uB
, (3)
which, as is obvious, gives the scalar product s of the tangent vectors of S or
S in the spacetime. Note again that the ® rst fundamental form is de® ned
only on S or S . The (hyper-) surfaces are submanifolds whenever the
topology induced from V4 coincides with that de® ned by the imbedding.
Every non-zero one-form n de® ned on S (or S ) and orthogonal to all
vectors tangent to S (to S ) is called a normal one-form [143]; the intrinsic
characterizat ion of any normal one-form is
n m e
m
i = 0, n m e
m
A = 0 .
For a hypersurface the normal one-form is de® ned (except at corners!) up
to a non-zero mult iplicat ive factor and a sign. Locally, n can be written
as n m µ gmurseu1 er2 es3 where gmurs is the canonical volume 4-form in V4 ;
equivalent ly, n µ dF j S . The hypersurface is said to be timelike, spacelike
or null at p 2 S if the normal one-form is spacelike, timelike or null at p.
If n is timelike at p then c i j is posit ive de® nite at p. If n is null at p, then
the normal vector
®
n (de® ned by raising the index of n ) is in fact tangent
to S . In this case, the ® rst fundamental form is degenerate at p [143].
When n changes its character from point to point S is called a general
hypersurface [143]. For a surface S , there are two linearly independent
normal one-forms de® ned up to non-singular linear combinat ions. We will
assume that all surfaces are orientably embedded, in the sense that these
normal one-forms can be chosen continuously over the whole surface. A
surface is spacelike if there exists a normal one-form which is timelike.
In this case, both independent normal one-forms can be chosen to be null
everywhere on S . Therefore, we shall de® ne the two null normal one-forms
k± as two future-point ing one-forms such that
k±m e
m
A = 0, k
+
m k
+ m
= 0, k -m k
- m = 0, k+m k
- m = ± 1, (4)
where the last of these relat ions is a condit ion of normalizat ion. Of course,
k± are not completely determined by (4), and there still remains the free-
dom of changing them as follows:
k
+
m ± ® k 9 +m = A2k+m , k -m ± ® k 9 -m = A - 2k -m , (5)
where A2 is an arbit rary non-vanishing funct ion de® ned only on S .
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For any normal one-form, the corresponding second fundamental form
can be de® ned. This is a 2-covariant symmetric tensor K de® ned only on
S (or S , resp.) by
K i j (n ) º ± n m eui Ñ uemj = e
m
j e
u
i Ñ unm ,
K AB (n ) º ± n m euA Ñ uemB = e
m
B e
u
A Ñ un m ,
(6)
where the covariant derivat ive is that of the spacet ime and the second
equality is well-posed Ð even though the normal one-form is only de-
® ned on the submanifold Ð because we only need to compute the tangent
derivat ives.
De ® n it ion 2 .2 . A C k arc is (the image of) a C k (k ³ 1) map l : I ± ® V4
from an interval I Í into the spacet ime such that the derivat ive of l
does not vanish anywhere on I. If I has compact closure the arc is called a
segment. A continuous piecewise C k curve is a ® nite sequence of C k arcs
f l i g , i = 1, . . . , n , each de® ned on a real int erval Ii , such that the last
point of each l i coincides with the ® rst point of the next l i+ 1 .
Segments and curves can be open, half-open or closed. However, each
segment of a curve is closed except for the ® rst and the last arcs, which may
be left- and right -open, respectively. I have assumed that the derivat ive
of each arc does not vanish anywhere, so that the tangent vector ® eld
®
v j l along l is not zero everywhere. For continuous piecewise C k curves
c , the tangent vector ® eld is unique everywhere except at point s joining
diŒerentiable arcs, called corners , where there may be two such tangent
vectors. A curve c is said to be timelike (resp. null, causal, spacelike)
if
®
v j c is timelike (resp. null, non-spacelike, spacelike) everywhere. By
continuity, causal curves cannot change their time-orientation in any of
their arcs. Thus, a causal curve is called future- (past -) directed if the
tangent vectors at all their corners are future- (past-) point ing.
In a local coordinat e system f xm g , any arc is expressed by the diŒer-
entiable funct ions xm = lm (u ), u 2 . The tangent vector ® eld is locally
expressed by
®
v j l = dl
m (u )
du
¶
¶ xm l
.
De ® n it ion 2 .3 . A geodesic is a C 2 arc whose tangent vector ® eld satis® es
v m Ñ m vu µ v u .
Equivalent ly, in any local chart a geodesic satis® es
d2lm
du 2
+ C
m
us j l
dlu
du
dls
du
= A(u )
dlm
du
, (7)
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where Cmus are the connect ion coe cients in these coordinat es and A is a
funct ion. By means of a suitable change of the parameter t = t (u ) it is
always possible to make the righthand side of (7) vanish. Such parameters
are de® ned up to a linear transformation t ® a t + b and are called a ne
parameters. Thus, in any a ne parameter t , eq. (7) becomes (where
a /= 0)
d2lm
dt 2
+ C
m
us j l dl
u
dt
dls
dt
= 0 . (8)
It is trivial to show that the tangent vector
®
v of an a nely parametrized
geodesic has constant modulus, that is g(
®
v,
®
v ) is constant, and hence we
can speak of timelike, null and spacelike geodesics.
Looking at (8) as a system of second order linear ordinary diŒerential
equat ions (ODE), and given that Cmus are at least locally Lipschit z func-
tions, from the classical theory of ODE [7] it follows that given any p 2 V4
and any vector
®
v 2 TpV4 there is an interval I Í and a unique solut ion
of (8) de® ned on I which passes through p and has
®
v as tangent vector at
p. Collect ing all these solut ions they can be locally denoted by
x
m
= G
m
(t ; p,
®
v ), t 2 [0, c),
G
m
(0; p,
®
v ) = x
m j p , dG
m
dt
(0; p,
®
v ) = v
m .
The fundamental concept for the singularity theorems is the following
De ® n it ion 2 .4. A geodesic from p 2 V4 is complete if it is de® ned for
all values t 2 [0, ¥ ) of its a ne parameter. A spacetime is geodesically
complete at p if all geodesics emanat ing from p are complete. A spacet ime
is geodesically complete if it is so for all p 2 V4 .
This notion can be re® ned by de® ning timelike, null, causal and spacelike
geodesic completeness in a natural way. Most singularity theorems prove
the existence of at least one incomplete causal geodesic. The relat ionship
between this concept and that of a singularity is not clear at all, and will
be studied in Sect ion 3 in some detail.
The ª exponent ialº map from an open neighbourhood O of
®
0 2 TpV4
into a neighbourhood of p 2 V4 maps a given ®v 2 O into the point
G m (1; p,
®
v ), provided this is de® ned. As the funct ions G m depend contin-
uously on the init ial condit ions p and
®
v , by choosing adequat e neighbour-
hoods this exponent ial map is a homeomorphism (and a diŒeomorphism
if g is C 2 ).
De ® n it ion 2.5 . The functions xm = G m (1; p, X u ) de® ne a new system of
coordinat es f X u g in a neighbourhood of p which are called Riemannian
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normal coordinat es based at p. Any such neighbourhood is called a normal
neighbourhood of p. A maximal normal neighbourhood of p will be denoted
by Np [65].
In fact, this normal neighbourhood can be chosen to be convex [243,81],
and we shall do so sometimes. However, it must be realized that Np is
usually bigger than any convex normal neighbourhood of p. The above
change of coordinat es must be at least of class C 1 to keep a diŒerentiable
atlas, and consequent ly the functions G m should depend diŒerent iably on
the init ial condit ions. This will happen in most situat ions, for example
when the metric is C2 . Nevertheless, many physical situat ions require
the matching of two diŒerent spacet imes across a common boundary Ð
for instance, the exterior vacuum ® eld of a star with it s interior ¯ uid,
or a wave travelling upon a background spacet ime, etcetera. When this
matching is performed, it is well-known that there exists a local coordinat e
system, called admissible in [132], in which the metric is C 1 piecewise C 2
(see e.g. Refs. 132,143) . Thus, in these situat ions there is no guarant ee
that the normal coordinat e neighbourhoods are well de® ned in the sense
that the change to normal coordinat es is not diŒerentiable at the matching
hypersurface. This is crucial for causality and, thereby, to the whole theory
of singularit ies and singularity theorems. As far as I know, there are very
few statements concerning singularit ies which have been proven to hold
under the general case of a C2 - metric (see, however, Refs. 37,45,46,107) .
In my opinion, this is a weakness of singularity theory at present and will
be analysed in several places below. However, in order to proceed, the
metric will be taken C2 when needed, and a full list of places where this
assumpt ion is essential will be given in Section 6.
Several propert ies which will be needed later can be easily proved
using normal coordinat es f X m g . First of all, we note the property [41]
G
m
(m t ; p,
®
v ) = G
m
(t ; p, m
®
v ),
for constant m . This follows because both functions sat isfy the same dif-
ferential equat ion (8) with ident ical init ial condit ions, so that they must
be the same. Using this, we can write on each geodesic xm = G m (t ; p,
®
v ) =
G m (1; p, t
®
v ) and then, remembering the De® nit ion 2.5 of normal coordi-
nates, we obtain
X
m
= v
m
t (9)
for the geodesics emanat ing from p 2 V4 , tangent to ®v at p, and with a ne
parameter t . Hence, in normal coordinat es the tangent vector to each
geodesic is given by vm ¶ / ¶ X m and then
gmu (
®
vt )v
m
v
u
= gmu (0)vm vu = const. (10)
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from where, mult iplying by t 2 , it immediately follows
gmu (X )X mX u = gm u(0)X mX u , " X m .
Obviously normal coordinat es are not unique, but any two sets of normal
coordinat es based at p are related by a linear homogeneous transformat ion
of type Y m = AmuX
u , with constant non-singular matrix Amu . By means of
such a transformat ion the metric at p can be brought into the standard
Minkowskian form gmu(0) = gmu = diag ( ± 1, 1, 1, 1). Such coordinat es
will be called Minkowskian normal coordinat es [165]. In general normal
coordinat es, the combinat ion of (8) and (9) provides Csmu(
®
vt )v m v u = 0,
and from this we get
C
s
mu (0) = 0 ; C
s
mu (X )X
m
X
u
= 0, " X m .
Lem m a 2.1 . Within a normal neighbourhood of any p 2 V4 , the set of
all unit timelike geodesics emanat ing from p with a ne parameter t are
orthogonal to the spacelike hypersurfaces t = const. Further, in normal
coordinat es the Thomas formula [210,81] holds:
gmu (X )X m = gmu (0)X m , " X m . (11)
Proof. It has been shown before that Csmu(
®
vt )v m v u = 0, which is equivalent
to
(2 ¶ mgur ± ¶ rgmu ) (
®
vt )v
m
v
u
= 0 .
Using this, the derivat ive of (10) with respect to v r becomes
0 =
¶
¶ vr
[gmu (
®
vt )v
m
v
u
± gmu (0)v m v u ] = 2
d
dt
[grm (
®
vt )v
m
t ± grm (0)vm t ],
which proves (11) as this is for arbit rary
®
v . Take now the set of all unit
timelike geodesics from p in normal coordinat es, that is, (9) together with
gmu (
®
vt )v m v u = gmu (0)v m vu = ± 1. This set de® nes a timelike congru-
ence (see subsect ion 2.1 or Refs. 60,65,66,99,123, 187,239) in the domain
gmu (0)X mX u < 0 within Np , whose unit tangent vector ® eld is
®
u =
X m
± gru(0)X rX u
¶
¶ X m
.
The corresponding one-form (or covariant vector) ® eld is then
u = gmu (X )
X m
± gru(0)X rX u
dX
u
= gmu (0)
X m
± gru (0)X rX u
dX
u
= ± d( ± gmu(0)X mX u ) ,
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where we have used (11) . But this means that the congruence is orthogonal
to the hypersurfaces ± gm u(0)X uX u = const., which are the hypersur-
faces t = const.
One of the most important results in causality theory is that the causal
propert ies of spacet ime is locally equivalent to those of ¯ at Minkowski
spacet ime. To be precise, let us de® ne the future light cone ¶ C+p (resp.
its interior C+p ) of p 2 V4 as the image of the future light cone (resp. its
int erior) in O Í TpV4 by the exponent ial map (hence, it is only de® ned on
Np ). Then, we have the following fundamental proposit ion:
P rop osit ion 2 .1 . Any continuous piecewise C 1 future-directed causal
curve starting at p and entirely contained in the normal neighbourhood
Np of p lies complet ely on the future light cone of p if and only if it is
a null geodesic from p, and is completely contained in the int erior of the
future light cone of p after the point at which it fails to be a null geodesic.
It must be remarked that a non-diŒerentiable curve composed by seg-
ments of null geodesics is not a null geodesic. Thus, any future-directed
(f-d) curve which has a segment of null geodesic from p to q, and then
changes in a corner to another null geodesic from q, lies on ¶ C+p up to q
and is in C+p from q on. Not ice also that any f-d causal curve which is not
a null geodesic at p immediately enters and remains in the interior C+p . In
part icular, all f-d timelike curves from p are completely contained in this
int erior. The result holds also with `future’ changed to `past ’ . Our proposi-
tion is a re® nement of the standard Hawking± Ellis proposit ion 4.5.1 (page
103 of Ref. 107) inspired by results appearing in [17], where the relat ion-
ship between this causal statement and the classical Fermat principle was
studied. We present here the proof of Proposit ion 2.1 as it is fundamental
but nonetheless not easily available (see Refs. 17,107) .
Proof. In normal coordinat es, ¶ Cp and Cp [both future (+ ) and past ( ± )]
are given respectively by
gm u(0)X mX u = 0, gm u(0)X mX u < 0 .
Let us ® rst show that any f-d causal curve c which is timelike at p is
wholly contained in C+p . Let X
m = c m (u) be the parametric form of c
with c m (0) = 0. Its tangent vector ® eld is
®
v j c = dc
m
du
¶
¶ X m c
º v m (u ) ¶
¶ X m c
,
gmu (c )v m (u )v u(u) £ 0, gmu (0)vm (0)vu (0) < 0 .
(12)
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We must show that
gmu (0)c m (u )c u (u ) < 0, " u > 0 such that c (u) 2 Np . (13)
This certainly holds for small enough values of u > 0, because the last
relat ion in (12) and
lim
u ® 0
c m (u )
u
=
dc m
du
(0) = v
m
(0)
imply, by continuity, that there is a non-empty interval (0, Åu ] in which
gmu (0)
c m (u )
u
c u(u )
u
< 0 =) gmu (0)c m (u )c u (u ) < 0, u 2 (0, Åu ] .
This also means that the future-point ing vector ® eld c m (u ) ¶ / ¶ X m j c is
timelike for u 2 (0, Åu ], given that gmu(0)c m (u)c u (u ) = gmu(c )c m (u)c u (u ).
Then (12) and the Thomas formula (11) lead to
d
du
[gm u(0)c m (u)c u (u ) ] = 2gmu (0)c m (u )v u (u)
= 2gmu (c )c m (u )v u (u) < 0, u 2 (0, Åu ],
where the last inequality follows because both v u (u) (non-spacelike) and
c m (u ) (timelike) are future-point ing at the point s X m = c m (u ). This is
also true even at corners of the curve c as both tangent vectors at the
corner are future-point ing Ð there may be a jump, but not a change of
sign, in the derivat ive of gmu (0)c m (u )c u(u ). Thus, the continuous funct ion
gmu (0)c m (u )c u(u ) is strictly decreasing in any interval (0, u ] in which it is
negat ive, and (13) follows.
An immediate consequence is that any causal curve c that enters in
C+p remains in C
+
p , because given any point q 2 c \ C+p there is a timelike
geodesic from p to q. The combinat ion of this geodesic segment together
with c from q is an f-d causal curve of the type considered before (timelike
at p). In consequence, all point s in c after q are in C+p . Similarly, if
any causal f-d curve c is t imelike at any q 2 c \ ¶ C+p , then it enters and
remains in C+p from q on. To prove this notice that gmu (0)c
m (u q )c
u(uq ) =
gmu [c (u q )]c m (u q )c u (u q ) = 0 where c (u q ) = q. Given that
®
v j q is timelike
and future-point ing it follows gmu [c (u q ) ]c m (u q )v u (u q ) < 0. Then using
(11)
d
du
[gm u(0)c m (u )c u (u ) ]
u q
= 2gmu (0)c m (u q )v u (u q )
= 2gmu [c (u q ) ]c m (u q )vu (u q ) < 0,
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which means that c enters in C+p . The same reasoning serves to prove that
any f-d causal curve having a corner at a point q 2 ¶ C+p must enter and
remain in C+p from the corner on.
Let us then show2 that any f-d causal curve c is always in the closure
C
+
p = C
+
p [ ¶ C+p of C+p in Np , de® ned by the `upper’ half of gmu (0)X mX u £
0. We keep the same assumpt ions and notation as above except for the
last inequality in (12) which must be replaced by gmu (0)vm (0)v u (0) £ 0.
Take any ® xed future-point ing C 1 timelike vector ® eld
®
w j c along c and
de® ne the functions w m (u ) as the unique C 2 - solut ions of
d w m
du
+
1
2
gmu (c ) ¶ rgus (c ) w r(u )vs (u ) = w m (u ), w (0) = 0 . (14)
Let us construct the one-paramet er family of curves f c e g starting at p,
c
m
e (u ) º c m (u ) + e w m (u) , e ³ 0,
whose tangent vector ® elds
®
v e are, for each e , v
m
e (u) = v
m (u) + e d w m / du .
On using this and (14) , an elementary calculat ion gives
d
d e
[gmu (c e )v me (u )v
u
e (u) ]
e = 0
= 2gm u(c )v m (u )w u (u ) < 0
and as c 0 = c is causal this implies that there is Åe > 0 such that
gmu (c e )v me (u )v
u
e (u) < 0 , e 2 (0, Åe ],
which means that f c e g are timelike, or equivalent ly, that the ent ire curves
f c e g are in C+p for e 2 (0, Åe ]. Thus, the init ial curve c is in C+p because
for every point q = c (u q ), every neighbourhood of q includes some of the
point s c e (u q ), which are in C
+
p .
It only remains to show that a causal curve lies on ¶ C+p if and only if
it is a null geodesic from p. The direct implicat ion holds by de® nit ion, so
that we must only prove that any causal curve c starting at p and lying
on ¶ C+p must be a null geodesic. The assumpt ions are (same notat ion as
above with c m (0) = 0)
gmu (0)c m (u )c u(u ) = 0, gmu (c ) v m (u ) vu (u ) £ 0 .
2 The proof in [107] is not completely correct as their b( r , e) are not timelike curves in
general.
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The ® rst of these and Thomas formula (11) tell us that gmu (c )c m (u )c u (u ) =
0, that is, the vector ® eld c m (u ) ¶ / ¶ X m j c is null. DiŒerentiat ing and using
again (11) we also obtain
gmu (0)c m (u )vu (u ) = 0 =) gmu (c )c m (u )vu (u ) = 0 .
Therefore,
®
v j c is null and proport ional to c m (u ) ¶ / ¶ X m j c , that is c m (u ) =
b(u ) vm (u) for some function b, with b(0) = 0. But this immediately implies
that c is a null geodesic from p.
Clearly, all de® nit ions and propert ies concerning the `future’ have
their corresponding counterpart for the `past ’ , and can be omitted in what
follows.
De ® n it ion 2.6 . A point p 2 V4 is a right endpoint of a curve c : I ® V4
if for every neighbourhood Up of p there exists u 0 2 I such that c (u ) 2 Up
for every u 2 I with u ³ u 0 . Similarly for left endpoint (u £ u 0 ). In the
® rst case, p is a future endpoint if c is causal and future-directed. If c has
no future endpoint is called future endless or inextendible.
Notice that endpoint s are unique for causal curves. Sometimes the single
term endless is used for causal curves which are both future and past
endless. The idea behind this de® nit ion is that a curve may seem to
terminate at the endpoint p, but then there is another `bigger’ curve Ð
an extension Ð containing both p and the init ial c . On the other hand,
if a curve is endless it runs into the `edge’ of the spacet ime, be it in® nity
or something more awkward. These awkward places may be singularit ies;
see Section 3.
De ® n it ion 2.7 . Let f c n g be an in® nite sequence of curves. A point
p 2 V4 is an accumulat ion point of f c n g if every neighbourhood Up of
p intersects an in® nite number of the f c n g , and is a convergence point
if every Up intersects all but a ® nite number of the f c n g . The sequence
f c n g converges to the curve c if every p 2 c is a convergence point of
f c n g . Finally, c is a limit curve of f c n g if there is a subsequence f cm g
converging to c .
In general, any sequence f c n g may have many limit curves, or no limit
curve at all. Furthermore, even if all the curves in the sequence are causal,
the limit curves are not necessarily so (although this is related to violat ions
of the strong causality condit ion; see below) . There may appear continuous
curves as limits of diŒerentiable curves, so that the more general concept
of a continuous f-d causal curve is needed.
De ® n it ion 2 .8 . A continuous curve c : I ® V4 is said to be causal and
future-directed if for every u 0 2 int I there is a subint erval J Í I including
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u 0 and a normal neighbourhood Uc (u 0 ) É c j J of c (u0 ) such that , for every
pair u 1 , u 2 2 J with u 1 < u 2 , there is an f-d causal arc within Uc (u 0 ) from
c (u 1 ) to c (u 2 ) .
These curves are equivalent under continuous monotonic reparametriza-
tions. It is a trivial exercise to show that the causal f-d continuous curves
of the above de® nit ion satisfy the local Lipschit z condit ion, so that they
are diŒerentiable almost everywhere [165].
P rop osit ion 2 .2 . Let p 2 V4 be an accumulat ion point of a sequence of
future-endless causal curves f c n g . Then there is a causal future-endless
limit curve c of the f c n g such that p 2 c .
Proof. The complete proof is rather large and technical (see Refs. 12,107) ,
so that a sketch is given here. Let Np be the normal neighbourhood of p
and choose Minkowskian normal coordinat es f X m g in Np . Take the sets
Br º f X m j (X 0 )2 + (X 1 )2 + (X 2 )2 + (X 3 )2 £ r 2 g (15)
for all rational numbers 0 £ r £ Är and such that B Är Ì Np . Choose any
subsequence of the f c n g \ Np converging to p, which must have accumu-
lat ion point s in the compact set ¶ B Är . Due to the local causal structure
of P roposit ion 2.1, any such accumulat ion point p Är must be in Cp \ ¶ B Är .
Choose a sub-subsequence converging to p Är 2 C+p \ ¶ B Är and proceed in
order in the same manner for all r , picking up point s pr 2 C+p \ ¶ Br
which are of accumulat ion for the previous subsequence. The closure of
the union of all pr gives an f-d causal curve according to De® nit ion 2.8,
which has a future endpoint at p Är and which is a limit curve of the se-
quence f c n g \ B Är . Repeat ing the entire process at p Är , and then at the next
endpoint s which appear in succesion, the limit curve is extended beyond
any possible endpoint .
2.1. Geodesic congruences, focal point s and energy conditions
D e ® n it ion 2 .9 . A congruence of curves in a domain D Í V4 is a three-
parameter family of curves such that there is one and only one curve of the
family passing through each p 2 D. The vector ® eld formed by the vectors
tangent to the curves is called the tangent vector ® eld. A congruence is
timelike (resp. null) if the tangent vector ® eld is timelike (resp. null) in
D.
The tangent vector ® eld of a congruence is de® ned up to an arbit rary
mult iplicat ive non-zero function. However, for timelike congruences we
can always choose the un it tangent vector ® eld
®
u sat isfying
g(
®
u,
®
u ) = ± 1, (16)
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and then the a ne parameter t along the curves is de® ned by
u
m ¶ m t = 1. (17)
Obviously, a ne parameters are de® ned up to the addit ion of an arbit rary
® rst integral of
®
u Ð this is the freedom of choosing the origin of a ne
parameter on each curve. Conversely, any unit t imelike vector ® eld de® nes
locally a timelike congruence by solving the diŒerential equat ions
dxm
dt
= u
m
(x
u
)
in any local chart . The solut ion depends in principle on four arbit rary
constant s, but one of them is spurious and can be absorved into the a ne
parameter t . Thus, it is quit e usual to speak of a timelike congruence
by simply giving its unit tangent vector ® eld. Tradit ional references on
timelike congruences are [60,66,99].
Any timelike congruence provides a natural 1+ 3 split ting of the space-
time by means of the spat ial projector associat ed with
®
u de® ned by
h
m
u º d mu + um uu , hmu hur = hmr , hmm = 3, hmu uu = 0, hmu = hum , (18)
with
®
u as in (16) . The spat ial part of any tensor with respect to the
congruence is then obtained by project ing all indices with hmu . The line-
element itself is decomposed as follows:
ds
2
= gmu dxm dxu = ± (um dxm )2 + hmudxm dxu . (19)
The accelerat ion of a timelike congruence is de® ned by
a
m º ur Ñ rum , am um = 0, (20)
so that it is spat ial with respect to the congruence (and spacelike) . A
timelike congruence is geodesic if and only if
®
a =
®
0, and then every curve
in the congruence is a geodesic. The full covariant derivat ive of
®
u can be
split as follows:
Ñ uum = ± uuam + hrm hsu Ñ rus º ± uuam +
h
3
hmu + sm u + x mu , (21)
smu º
1
2
h
r
m h
s
u ( Ñ sur + Ñ rus ) ±
h
3
hm u ,
x mu º
1
2
h
r
m h
s
u ( Ñ sur ± Ñ rus ), h º Ñ m um ,
(22)
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sm u = sum , x m u = ± x um , s
m
m = 0, u
m
smu = u
m
x mu = 0, (23)
where smu is the shear tensor, x mu is the vorticity or rotation tensor and
h is the expan sion , all of them relat ive to
®
u . The interpretation of these
kinematic quant ities can be found in [60,66]; they are related to the de-
formation and twist of a small volume element along the curves of the
congruence. Let us simply remark that the necessary and su cient con-
dit ion such that u is integrable (proportional to a gradient ) is that the
vort icity tensor vanishes, that is
u = F dt ( ) x mu = 0 (24)
for some funct ions F, t. In this case, the congruence is said to be irrota-
tional and there exist 3-spaces orthogonal to the congruence curves de® ned
by t = const. This funct ion t is a natural time for irrotat ional congruences.
Further, u is a gradient (locally an exact diŒerential) iŒthe vort icity and
the accelerat ion vanish
u = ± dt ( ) x mu = 0, and am = 0 . (25)
By contracting the Ricci ident ities
( Ñ m Ñ u ± Ñ u Ñ m )ua = Rarmuur (26)
with um one obtains the so-called evolut ion equat ions for the kinematic
quant ities. In part icular, the trace produces the fundamental Raychaud-
huri equat ion [170]
u
m ¶ m h +
h2
3
± Ñ m am ± x mu x m u + smusmu + Rmuum uu = 0, (27)
where the quant it ies x m u x
mu and smus
mu are non-negat ive, being squares
of spat ial tensors, and they vanish iŒthe corresponding full tensor x m u or
smu vanishes, respectively.
The important concept for the singularity theory is that of focal and
conjugat e point s along causal geodesics. To de® ne them let us focus our
attent ion on the irrotat ional and geodesic timelike congruences. The null
case will be summarized later. As already seen in Lemma 2.1 the f-d
timelike geodesic congruence emanat ing from any point p is irrotational
(at least in Np ). Similarly, we have
Lem m a 2.2 . The f-d timelike geodesic congruence emanat ing orthogo-
nally from any spacelike hypersurface S is irrotational.
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Proof. Let S be de® ned locally by t (xm ) = 0 in a given coordinat e system
f xm g . Take the f-d unit normal to S , that is u µ dt j S such that (16) holds
at S . Let each point in S be marked locally by three coordinat es f y i g ,
(i , j , . . . = 1, 2, 3) , and de® ne the unique timelike geodesic start ing at each
of these point s with tangent vector
®
u . This provides the required timelike
congruence in a neighbourhood of at least a local piece of S . De® ne now
new coordinat es f ym g = f t, y i g such that on each geodesic the y i remain
constant . In these coordinat es it is obvious that
u
i
= 0, u i j S = 0 .
It must be shown that Vm u º Ñ m uu ± Ñ uum = ¶ m uu ± ¶ uum vanishes. Given
that
®
u is geodesic and satis® es (16) it is immediate that
u
m
Vmu = u
m
( Ñ m uu ± Ñ uum ) = 0 =) V0 i = 0 .
Using this and noting that ¶ [mVur] = 0 there follows ¶ 0V i j = 0, and as
V i j j S = ( ¶ i u j ± ¶ j u i ) j S = 0 we get V i j = 0. Thus, Vmu = 0.
Incidentally, in this proof we have built what is called a Gaussian or
synchronous coordinat e system associat ed with (a piece of) S [128,149].
In this system the line-element takes the simple form
ds
2
= ± dt
2
+ gi j (ym )dy i dy j , (28)
as follows from (19) and (25) . Here t = y0 measures a proper time (a ne
parameter) along the geodesic congruence and labels the orthogonal hy-
persurfaces t = const. The matrix (gi j ) is posit ive de® nit e for all t . For
the f-d geodesic congruence emanat ing from a point p 2 V4 there is a sim-
ilar system of coordinat es not including p. Take normal coordinat es f X m g
in Np and de® ne new coordinat es f ym g by means of
y
0
(= t ) = ± gmu (0)X mX u , y i =
X i
± gmu(0)X mX u
, (29)
so that y0 = t measures proper t ime along the geodesics, which are given
by y i = const. Comput ing the Jacobian of the transformat ion (29) it is
clear that the above system of coordinat es is well-de® ned in C+p (or C
-
p ),
where the line-element takes exact ly the same form (28) .
De ® n it ion 2 .10 . A point q is conjugat e (resp. focal) to the the point p
(resp. the spacelike hypersurface S ) if the expansion of the f-d timelike
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geodesic congruence emanat ing from p (resp. orthogonally from S ) tends
to ± ¥ when approaching q along a curve of the congruence.
Notice that the condit ion is that h ® ± ¥ along a curve of the congruence.
For example, the expansion of the timelike congruence emanat ing from p
diverges when approaching ¶ C+p , as can be immediately seen from the
proof of Lemma 2.1, but points in ¶ C+p are not conjugat e to p in general
because there is no curve of the timelike congruence joining p and ¶ C+p ±
f p g . Obviously, the existence of focal or conjugat e points is relat ed to
the failure of the coordinat e systems (28) and (29) , which are not globally
de® ned in general. The interpretation of these point s can be deduced from
the following reasoning. Take the canonical volume 4-form g in V4 . At
each hypersurface orthogonal to u we can de® ne its own volume element
3-form by the usual formula V º i ®u g, where i ®u is the int erior contraction
(in component s, Vm ur º usgsmur). Denoting the Lie derivat ive along ®u by
£ ®u it is easily seen that £ ®uV = hV . If f f i (x) g are three independent ® rst
int egrals of the congruence, that is, um ¶ m f i = 0, then V = Vdf 1 Ù df 2 Ù df 3
and the above formula becomes simply um ¶ mV = hV or equivalent ly
h = u
m ¶ m (log j V j ) . (30)
In fact this formula can be more easily obtained in Gaussian coordinat es
(28) , where the choice f i (x) = yi is possible, and comput ing h = Ñ m um ,
from where we see that V = det gi j with gi j = g( ¶ / ¶ y i , ¶ / ¶ y j ). How-
ever, the result is general and valid beyond the domain of Gaussian coor-
dinat es. Equat ion (30) says that focal or conjugat e point s appear when
V ® 0, which means that the volume element of the hypersurfaces orthog-
onal to u vanishes. This happens when, in the basis f ®u, ¶ / ¶ f i g , the three
spat ial vectors ¶ / ¶ f i are not independent or, which is the same, when
there is a non-trivial linear combinat ion of them vanishing at a point of a
curve of the congruence, but not along the curve. This linear combinat ion
is called a Jacobi ® eld along the curve [12,107], because it satis® es the Ja-
cobi or geodesic deviat ion equat ion [128,149,239,241 ]. For the part icular
timelike geodesic irrotational congruences we are using, the vector ® elds
®
Z º A i (f j ) ¶ / ¶ f i satisfy both £ ®u
®
Z =
®
0 and umZ
m = 0, as is very easily
checked, and then they coincide with the tradit ional Jacobi ® elds [12,107].
The approach used here may be preferable because there is no need to as-
sume the continuity of the Riemann tensor, which is usually needed when
the Jacobi equat ion is used. Note further that the part icular Jacobi ® eld
®
z vanishing at a conjugat e or focal point q must have Ñ ®u ®z j q /= 0, as
otherwise
®
z º 0 along the curve joining p (or S) with q. Finally, let us
remark that the most general
®
Z vanishes at p in the case of the geodesic
congruence emanat ing from p.
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From the above follows also the following result , which will be needed
later:
Lem m a 2.3 . Given any f-d timelike curve c starting at p (resp. orthogo-
nally to S ) there is a neighbourhood of c in which the Gaussian coordinat e
system (29) [resp. (28) ] holds up to the ® rst conjugat e (resp. focal) point
to p (resp. to S ).
Proof. Conjugat e and focal point s are isolat ed because of (30) . Thus, there
must be a ® rst point conjugat e to p (if any) along c , say q (we concentrate
on the case of p, the proof for S is completely analogous) . This means
that all Jacobi ® elds
®
Z orthogonal to c along c are not vanishing or, in
other words, that the three vector ® elds ¶ / ¶ f i j c are independent along c
up to q. These three vector ® elds can be trivially chosen such that they
commute [ ¶ / ¶ f i , ¶ / ¶ f j ] =
®
0 and then [41] they generate locally a piece of
a hypersurface orthogonal to c . This in turn means that f t , f i g are good
Gaussian coordinat es in a su cient ly small neighbourhood of c , with t
proper time along the geodesics with constant f i .
The quest ion is to know when there will be conjugat e or focal point s
in a given spacet ime.
P rop osit ion 2 .3 . If the expansion of the f-d t imelike geodesic congruence
emanat ing from p (orthogonally to S ) is negat ive at some point r and
Rmuu
m uu ³ 0 along the t imelike geodesic c passing through r , then there
is a point q conjugat e to p ( focal to S ) along c within a ® nite proper time
after r , provided that c can be extended that far.
Proof. From Lemma 2.1 (or Lemma 2.2) the congruence emanat ing from
p (orthogonally to S ) is irrotational and geodesic, so that Raychaudhuri’ s
equat ion (27) becomes, on using (30) ,
3
V 1 / 3
d2V 1 / 3
dt 2
= ± (smus
mu
+ Rmuu
m
u
u
) £ 0
which along c implies V 1 / 3 £ V 1 / 3r [1 + (hr / 3)(t ± tr )] where Vr > 0 and
hr < 0 are the values of V and h at r . Thus, V vanishes before t reaches
the value tr ± 3/ hr > tr .
The condit ion Rmuu
m uu ³ 0 is standard and related to the energy
contents of the spacet ime through Einstein’ s equat ions. However, this
condit ion can be relaxed substantially but still maintaining the focusing
eŒect of Proposit ion 2.3 (see Refs. 27,218,165) . The required assumptions
are usually of integral type, so that the quant ity Rm uu
m uu is required to
be non-negat ive in an adequat e averaged sense [27,28,218]. Proposit ion
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2.3 can be also generalized in a more relevant manner by the following
standard result [12,27,72,107].
P rop osit ion 2.4 . If Rmuu
m uu ³ 0 along an f-d timelike geodesic c and
Rrmsuu
m uu /= 0 at p 2 c , then c contains a pair of conjugat e point s
provided that it can be extended su ciently far.
Proof. The strategy of the proof (see Ref. 108) was very clearly explained
in [27], and is as follows. Let c (tp ) = p and consider the f-d timelike
geodesic congruences emanat ing from all points in c to the past of p, that
is, emanat ing from each c (t ) " t < tp . For any of these congruences, if
h(tp ) £ 0, then h £ 0 to the future of p because of (27) ; see the reasoning in
Proposit ion 2.3. If h < 0 for some t > tp , then the result follows from the
Proposit ion 2.3 itself. If h vanished in [tp , t1 ), then (27) and Rmuu
m uu ³ 0
would imply smu = Rm uu
m uu = 0 for t 2 [tp , t1 ), which through (21)
would provide Ñ m uu j c = 0 for t 2 [tp , t1 ) . But this is impossible because
the ident ity (26) contracted with um would contradict Rrmsuu
m uu /= 0
at p. Now, given the structure of the Raychaudhuri equat ion (27) it is
evident that there is a ® nit e maximum bound Åt for the values of t at
these conjugat e point s, because the most unfavourable case appears when
h(tp ) = 0, which produces the conjugat e point at the greater values of t ,
but nevertheless these are ® nite. Thus, take now a past-directed timelike
geodesic congruence emanat ing from a point q = c (tq ) with tq > Åt . If
there is no point past-conjugat e to q between q and p, then the curves in
this congruence close enough to c at tp must have Äh(tp ) < 0 (the tilde
indicat es that this expansion is `past-directed’ ), as otherwise the reverse
congruence would have non-posit ive f-d expansion at p and tq could not
be greater than Åt . Then, Proposit ion 2.3 and Äh(tp ) < 0 tell us that there
is a Ät < tp such that c ( Ät ) is past-conjugat e to q.
In the above proposit ions, there have appeared some assumptions on
component s of the curvature (Rmuu
m uu , Rrmsuu
m uu ) which are common
to all singularity theorems. These assumptions assure, essentially, that
gravity is attract ive, so that the focusing of geodesics takes place, and
that there exists some matter or energy in the spacet ime. They are given
standard names which are collected in the following de® nit ion (Tm u is the
energy-momentum tensor) .
De ® n it ion 2 .11 A spacetime sat is® es:
² the t imelike (resp. null) generic condit ion if v [aRr]m u[svb ]vm vu /= 0 at
some point of each timelike (resp. null) geodesic with tangent vector
®
v .
² the null convergence condit ion if Rm ukmku ³ 0 for all null vectors
®
k.
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² the strong energy condit ion (SEC) if Rm uv m v u ³ 0 for all causal vec-
tors
®
v .
² the weak energy condit ion (WEC) if Tmuv m v u ³ 0 for all causal vectors
®
v .
² the dominant energy condit ion (DEC) if WEC holds and Tmuv m is
causal for all causal
®
v .
A spacet ime satis® es the generic condit ion when both the timelike and
null generic condit ions hold. This condit ion demands that any possible
causal geodesic in the spacet ime must meet, sooner or lat er, a quant ity of
gravitational ® eld (be it in the form of matter or of pure gravity) travel-
ling in arbit rary direct ions. In principle, this is very reasonable for generic
enough realist ic spacet imes. However, some spacet imes specialized from
the geometrical point of view may violat e it (e.g., spherically symmetric).
These will be further analysed in Section 6. The timelike generic condit ion
is obviously equivalent to the assumption Rrmsuu
m uu /= 0 in Proposit ion
2.4, because of the antisymmetry propert ies of the Riemann tensor. The
quant ity Yrs (
®
u) º Rrmsuum uu is called the ® rst electric part of the Rie-
mann tensor [22] with respect to the unit timelike vector
®
u , and therefore
magnet ic components of Rrmsu do not aŒect the focusing directly . This
® rst electric part of the Riemann tensor is composed of the usual elec-
tric part E rs º Crmsuum uu of the Weyl tensor Crmsu with respect to ®u
[22,123,167], plus terms related to the energy-momentum tensor:
Yrs (
®
u) = Ers (
®
u ) ±
1
2
h
m
r h
u
sRm u +
1
2
Rmuu
m
u
u
+
R
3
hrs ,
where hrs is the projector (18) . Note that Ym u is symmetric and spatial
with respect to
®
u , that is, Ymuu
m = 0. We have [12]
P rop osit ion 2 .5 . If Ym u(
®
u ) = 0, then Rm uu
m uu = 0. Hence, if Rmuu
m uu >
0, then Ymu (
®
u ) /= 0.
Proof. Contracting Yrs with h
rs we readily get Rm uu
m uu = hmuYmu . Thus,
if Ymu were zero, so would Rm uu
m uu be.
This proposit ion means that , if the strict SEC holds (with the strict
inequality and for non-zero vectors), then the timelike generic condit ion is
automatically ful® lled. An analysis of how ª genericº the generic condit ion
is can be found in [13]. Concerning the null generic condit ion, the following
formula can be easily found for any null vector
®
k
k[aRr]m u[skb ]k
m
k
u
+
1
2Rmuk
mku k[agr][skb ] = k[aCr]mu [skb ]kmku .
The righthand side of this relat ion vanishes iŒ
®
k is a Debever principal null
vector of the Weyl tensor (see e.g. Refs. 15,123,167) . As is well known,
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there are at most four such vectors at each point of V4 , and the exact
number of them is direct ly related to the Petrov type of the spacet ime
[15,123,167,168] . In consequence, the null generic condit ion fails to hold if
any principal null direct ion of the Weyl tensor satis® es also Rm uk
mku = 0.
In part icular, in vacuum spacetimes the generic condit ion can only fail
along the principal null geodesics of the spacetime. Further propert ies of
the null generic condit ion can be found in [13]. Similarly to Proposit ion
2.5 we have [12]
P rop osit ion 2 .6 . For a null vector
®
k, if k[aRr ]mu [skb ]k
mku = 0, then
Rmuk
m ku = 0. Thus, Rm uk
mku > 0 implies k[aRr]mu[skb ]k
m ku /= 0.
With regard to the energy condit ions, the following remarks are im-
portant. First of all, SEC could have been de® ned equivalent ly for only
timelike vectors
®
v , and then by continuity it follows for all causal vectors.
The SEC was ® rst introduced in [120,171], and with the same purposes
as here. The WEC simply states that the energy density is non-negat ive
as measured in any possible reference system. Similarly, the DEC states
the same plus the causal propagat ion of matter and radiat ion as seen in
any reference system. Therefore, both WEC and DEC are physically well-
founded and very reasonable. Nevertheless, the focusing of neighbouring
geodesics requires SEC, which is the less relevant and worst-founded en-
ergy condit ion from a physical point of view. It is certain that most known
physical ® elds satisfy SEC, even more so in their very mild averaged ver-
sion found in [27], but there is no direct simple implicat ion concerning
energy density or causal propagat ion as in the case of DEC. In terms of
the energy-momentum tensor SEC reads Tmuv
m vu ³ vm vm Tuu , which is rea-
sonable but not completely based on physical grounds (see Refs. 107,233) .
It would thus be desirable to prove the singularity theorems using DEC,
or the weaker WEC, but this has not been possible so far. I will come
back to this in Section 6.
All the above de® nit ions and results can be adequat ely translat ed
to the case of null congruences. Typical references on this subject are
[123,150,167,180 ]. Let
®
k be the tangent vector ® eld to such a congru-
ence. Then we have g(
®
k,
®
k) = 0. It is well-known that any hypersurface-
orthogonal null congruence must be geodesic, because if k[m Ñ ukr ] = 0, on
contracting with km it follows that
k
m Ñ mk[rku ] = 0 =) km Ñ mkr µ kr
and then we can further choose an a ne parameter t such that
k
m Ñ m kr = 0, km ¶ m t = 1.
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Notice also that as k µ dv and k is null,
®
k is in fact tangent to the or-
thogonal hypersurfaces, because it is orthogonal to the normal one-form
k . Nevertheless, as we saw in (4), a null vector can be truly orthogonal
to a spacelike surface S , and this is the important concept in this case.
Take then any spacelike surface S and choose one of its null normal one-
forms k . We const ruct all null geodesics starting at each point on S with
tangent vector
®
k, and this generates not a congruence but simply a null
hypersurface orthogonal to k . Varying the init ial surface S in a direct ion
not contained in this null hypersurface, and repeating the process for each
new spacelike surface, the required null congruence is built . An appropri-
ate basis in this case is formed by the so-called pseudo-orthonormal basis
const ituted by f ®k, ®l, ®eA g , where
®
k and
®
l are the two null normal one-forms
orthogonal to the spacelike surfaces and normalized as in (4), and f ®eA g is
an orthonormal basis of the vector ® elds tangent to each of these surfaces.
Thus, the only non-zero scalar product s in this basis are
g(
®
e2 ,
®
e2 ) = g(
®
e3 ,
®
e3 ) = ± g(
®
k,
®
l ) = 1.
The projector orthogonal to
®
k and
®
l is de® ned by
Nmu º gmu + km lu + ku lm , N mu N ur = N mr ,
N
m
m = 2, N
m
u k
u
= N
m
u l
u
= 0, Nmu = Num .
By the way, it must be remarked that Nmu at each surface S is equivalent
to the ® rst fundamental form (3). Similarly, the second fundamental form
(6) relat ive to k is the project ed part of the covariant derivat ive of k at
each S . In the case under considerat ion, this has only two independent
component s, which can be ident i® ed as [150,167,180]
q º Ñ mkm (= N m u Ñ mku), (2s)2 º ( Ñ mku + Ñ ukm ) Ñ mku ± q 2 , (31)
and are called the expansion and the shear of the null congruence, re-
spect ively. There is a local coordinat e system f t , v , x2 , x3 g associat ed to
these null congruences analogous to (28) which can be set up by standard
methods (see e.g. Refs. 123,150,151,152 ,180) . The line-element takes the
form
ds
2
= ± 2dt (dv + Adt + B A dx
A
) + gAB dxA dxB ,
where A, BA and gAB depend on all four coordinat es and the matrix (gAB )
is posit ive-de® nite. The surface S is given by, say, t = v = 0, the null
hypersurfaces v = const. are orthogonal to k = ± dv , and t measures
a ne parameter along the null geodesics, which are marked by constant
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values of u and xA . The limit case when S is a single point p is also covered
by a coordinat e system of this type not including p, by simply letting v = 0
denote ¶ C+p .
De ® n it ion 2 .12 . A point q is conjugat e (resp. focal) to the the point
p (resp. the spacelike surface S ) if the expansion of the f-d null geodesic
family emanat ing from p (resp. orthogonally from S ) becomes unbounded
when approaching q along a curve of the family.
Instead of (30) we now have q = km ¶ m (logV), where V is an area
element in the surfaces orthogonal to
®
k. In the above coordinat es V =
Ö det gAB . Similarly, the equat ion replacing (27) is now [107,150,180]
k
m ¶ m q +
q 2
2
+ 2s
2
+ Rmuk
m
k
u
= 0
which allows one to prove, similarly to P roposit ions 2.3 and 2.4,
P rop osit ion 2 .7 . If the expansion of the f-d null geodesic family ema-
nating from p (orthogonally to S ) is negat ive at some point r and the null
convergence condit ion holds along the null geodesic c passing through r ,
then there is a point q conjugat e to p ( focal to S ) along c within a ® nite
a ne parameter since r , provided that c can be extended that far.
P rop osit ion 2 .8 . If the null convergence and the null generic condit ions
hold for an f-d null geodesic c , then c contains a pair of conjugat e point s
provided that can be extended su ciently far.
2.2. Maxim al curves
The length of a piecewise diŒerentiable curve c parametrized by u and
joining p, q 2 V4 is de® ned by
L(p, q; c ) º
u q
u p
j g( ®v j c , ®v j c ) j du (32)
where c (u p ) = p, c (uq ) = q and the integral is taken over the diŒerentiable
segments of c . This de® nit ion is invariant under reparametrizat ion, and
due to the comments after De® nit ion 2.8 it can also be used for continuous
causal curves. Obviously, L is zero for a causal c iŒc is a sequence of null
segments. In general, for any pair p, q 2 V4 there is no lower bound on
the lengths L joining them through diŒerent causal curves, because any
causal curve can be approximated by a sequence of tiny null segments in
a zig-zag. However, there may be a maximum of length along some causal
curve joining p and q.
De ® n it ion 2 .13 . A causal curve from p (from a hypersurface S ) to q is
said to be maximal if there is no causal curve from p (from some point
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in S ) to q with length great er than that of c ; and c is said to be locally
maximal if there is a neighbourhood Uc of c within which there is no causal
curve from p (from some point in Uc \ S ) to q with great er length.
Evident ly, if c : [a, b] ® V4 is locally maximal between p = c (a) and
q = c (b), then it is locally maximal between any pair of it s point s c (u 1 )
and c (u 2 ), with u1 , u 2 2 [a, b]. However, a curve can be locally maximal
and there may st ill exist another longer curve between two of its point s.
Similarly, maximal curves are not necessarily unique.
P rop osit ion 2 .9 . Within Np , the causal geodesics from p are maximal.
Proof. If q 2 ¶ C+p , from Proposit ion 2.1 the only causal curve from p to
q is the null geodesic, so that the result is trivial. Take then q 2 C+p .
As already proved, the coordinat e system (29) is valid in C+p , and the
line-element takes the form (28) . Any causal curve from p to q can be
represented in parametric form by y0 = (t ) = u , y i = c i (u ) so that (32)
becomes
L(p, q; c ) =
u q
0
1 ± gi j (c )
dc i
du
dc j
du
du .
Given that gi j is posit ive de® nite, from this relat ion is obvious that L is
a maximum only if c i are constant all along. But these are the timelike
geodesics from p. Notice further that L(p, q; c ), when c is a geodesic,
depends continuously on its endpoint s p and q.
Corolla ry 2 .1 . If c is locally maximal, then it is a geodesic arc.
Proof. As c is locally maximal between any of its point s, it must be locally
(within each Np , for p 2 c ) a geodesic. Thus, it must be a sequence of
geodesic arcs. If there were a corner at some p 2 c , then there would be
a geodesic from a point s 2 c just prior to p to a point q 2 c just after
p, and this geodesic would be longer than c from s to q, which is imposs-
ible.
Corolla ry 2 .2. If a t imelike geodesic c contains no pair of conjugat e
point s between p and q, then it is locally maximal.
Proof. The result is immediate from Lemma 2.3 and the proof of Propo-
sition 2.9.
The converse of this corollary also holds.
P rop osit ion 2 .10 . If a timelike geodesic c from p to q1 is locally maximal,
there is no pair of conjugat e point s along c between p and q1 .
Proof. Suppose on the contrary that there is a point r 2 c , between p and
q1 , which is conjugat e to p. By Lemma 2.3 there is a Gaussian coordinat e
system (28) in a neighbourhood Uc of the port ion of c from p to r . In this
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system it is obvious that L(p, x; l) = t j x , for all x 2 Uc and all geodesics
l Ì Uc starting from p. Let us denote by ®u the unit tangent vector ® eld of
the timelike congruence emanat ing from p. Thus, in Uc we have ®u = ¶ / ¶ t
and u = ± dt . Take any point q 2 c beyond r but su ciently close to r
such that r 2 Nq . Within C -q we can set up another coordinat e system
f t^ , y^ i g of type (29) , so that L(x, q; ^l) = t^ j x , for all x 2 C -q and all (past-
directed) geodesics ^l Ì C -q starting from q. Let us denote by ^®u the unit
(past-directed) tangent vector ® eld for the timelike congruence emanat ing
from q. Hence, in C -q we have
^®
u = ¶ / ¶ t^ and u^ = ± dt^ . Notice that both
congruences
®
u and
^®
u contain the curve c within their common domain of
de® nit ion Uc \ C -q . For every x 2 Uc \ C -q , there are timelike geodesics m
from p to x and m^ from x to q which can be combined into a single curve
mm^ from p to q. From the above it follows that
L(p, q; mm^) = (t + t^ ) j x " x 2 Uc \ C -q ;
L(p, q; c ) = (t + t^ ) j s " s 2 c \ C -q \ C -r .
We are going to show that x can be chosen su cient ly close to s , and s
close enough to r such that the ® rst of the above lengths is bigger than
the second.
Since r is conjugat e to p along c , there is a non-zero Jacobi ® eld
®
z
along c such that it vanishes at r but with Ñ ®u ®z j r /= 0 ( ®u is well-de® ned
at r being the unit tangent vector to c ). Moreover, in Uc , £ ®u ®z =
®
0 and
Ñ ®u ®z is orthogonal to ®u . De® ne ®v º (t j r ± t ) - 1 ®z within Uc , so that ®v
is orthogonal to
®
u and £ ®u
®
v = (t j r ± t ) - 1 ®v .3 Build the unique a nely
parametrized spacelike geodesic u starting at s 2 c \ C -q \ C -r and with
init ial tangent vector
®
v j s . For point s x 2 u \ Uc close enough to s we have
(t + t^ ) j x = (t + t^ ) j s + d(t + t^ )
du u = 0
u +
d2 (t + t^ )
du2 u = 0
u 2
2
+ O(u
3
)
where u is the a ne parameter along u. The second term on the right -
hand side vanishes, because of the init ial condit ion dt / du j u = 0 = v0 j s =
± um v
m j s = 0, and similarly dt^ / du j u = 0 = 0. Concerning the third term,
since u is an a nely parametrized geodesic, the equat ion (8) in the Gauss-
3 In fact ,
®
v can be de® ned along c beyond Uc as the unique vector ® eld sat isfying
Ñ ®u ®v = (t | r - t ) ± 1 ( ®v + Ñ ®u ®z ) with the init ial condit ion ®v | r = - Ñ ®u ®z | r . This ®v is
diŒerent iable along c [165].
72 8 S e nov il la
ian coordinat e system implies
d2 t
du 2 u = 0
= ± C
0
i j j s dy
i
du
dy j
du u = 0
= ±
1
2
¶ 0gi j v i v j j s
= ±
1
2
d
dt
(gi j v i v j ) j s + gi j v i dv
j
dt s
= ±
1
2
Ñ ®u [g( ®v , ®v ) ] j s + g( ®v, £ ®u ®v ) j s .
The equivalent calculat ion in the f t^ , y^ i g -system produces
d2 t^
du2 u = 0
= ±
1
2
Ñ ^®u [g(
®
v ,
®
v ) ] j s + g( ®v, £ ^®u ®v ) j s .
Hence, as
®
u and
^®
u are opposit ely directed and using £ ®u
®
v = (t j r ± t ) - 1 ®v
we arrive at
d2 (t + t^ )
du 2 u = 0
= (t j r ± t j s ) - 1 g( ®v, ®v ) j s + g( ®v, £ ^®u ®v ) j s .
The second term on the righthand side is well-behaved as we are within
C -q . Also,
®
v is spacelike and therefore, by choosing s close enough to r
the lefthand side can be made posit ive. Fixing this s , there is a Äu > 0
depending on s such that for all u 2 (0, Äu ) the corresponding point s x 2 u
have (t + t^ ) j x > (t + t^ ) j s or, in other words,
L(p, q; mm^) > L(p, q; c ) " x 2 u j ( 0 , Äu ) .
Thus, c cannot be locally maximal, in contradict ion.
It must be remarked that , even though the term ( t j r ± t j s ) - 1 g( ®v, ®v ) j s
seems to indicat e no upper bound on the lengths beyond r , this is not so
because, as we approach r , the possible values of u in the geodesic u within
Uc tend to zero, and thus the total length from p to q remains ® nite. All
that can be proved is what is stated in Proposit ion 2.10 (see Ref. 165) .
Analogous proofs allow us to show the following summarized results.
P rop osit ion 2 .11 . Within the domain covered by Gaussian coordinat es
(28) relat ive to a spacelike hypersurface S , the timelike geodesics orthog-
onal to S are maximal.
P rop osit ion 2.12. A timelike curve c from S to q is locally maximal
if and only if it is a geodesic segment orthogonal to S without any point
focal to S between S and q.
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The results concerning conjugat e and focal point s along null geodesics
can be stated somewhat diŒerently. To begin with, let us prove the fol-
lowing result .
P rop osit ion 2 .13 . If there is an f-d causal curve c from p to q and c is
not a null geodesic segment, then there is an f-d timelike curve from p to
q.
Proof. We can cover c by convex normal neighbourhoods centered at point s
of c and such that each of them has compact closure in the corresponding
normal neighbourhood centered at the same point . If c passes through
q in® nite t imes, we can restrict our at tention to the ® rst port ion of c
reaching q which is not a null geodesic. This portion is obviously compact,
so that it can be covered by a ® nite sub-cover f N i g i= 1 , ...,n of the previous
cover. As c is not a null geodesic segment then there is a point r 2 c such
that either r lies in an open sub-segment which is not a null geodesic or c
has a corner at r . In both cases, within a neighbourhood N1 3 r , and due
to Proposit ion 2.1, there is an f-d timelike geodesic segment l joining the
two endpoint s r - and r+ of c \ N1 . If the future endpoint r+ /= q, then
r+ 2 N2 with N2 \ N1 /= ; . Take the curve l \ N2 up to r+ prolonged with
the init ial curve c . Again by Proposit ion 2.1 and given that l is timelike,
there is an f-d timelike geodesic segment m joining the two endpoint s s+
and s - of lc \ N2 . If s+ /= q, we proceed in the same manner until we
reach q, and similarly to the past . This process is ® nite as there are only
a ® nite number of the N i .
Another way of stating Proposit ion 2.13 is: ª if there is an f-d causal
curve but no f-d t imelike curve from p to q, then every f-d causal curve
joining p to q must be a null geodesic segment .º Or in yet other words,
if a null curve is locally maximal (and with vanishing length!) , it must be
a null geodesic segment. This preliminary result can be reinforced in the
same way as Corollary 2.2 and Proposit ions 2.10, 2.11, 2.12.
P rop osit ion 2 .14 . Given a causal curve c from p to q (resp. from a
spacelike surface S to q), there is no neighbourhood of c containing a
timelike curve from p (resp. S ) to q if and only if c is a null geodesic
segment from p (resp. orthogonal to S ) to q without any point conjugat e
to p (resp. focal to S ) between p (resp. S ) and q.
2.3. Causality in the large and proper achronal boundaries
In the previous subsect ions, the importance of Proposit ion 2.1 has
been repeatedly manifested. Recall that Proposit ion 2.1 states that the
local causal structure of the spacetime is very simple and similar to that of
¯ at spacetime. Nonetheless, in subsect ion 2.2 there have appeared several
new aspects due to the failure of normal coordinat es globally. The exami-
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nation of the global causality propert ies is the purpose of this subsect ion.
In the singularity theorems, there will usually be an assumpt ion restricting
the global causal propert ies of the spacetime. The reasonableness of these
assumpt ions rests ult imately on the belief that any violat ion of causality
is not physically acceptable and it would lead to di cult interpretative
quest ions from the physical viewpoint . Standard basic references on this
sub ject are [37,34,92,93,107 ,127,165].
The basic sets in causality theory are the chronological future, the
causal future and the future horismos of p 2 V4 , denoted and de® ned
respectively by
I
+
(p) º f x 2 V4 j there is an f-d timelike curve from p to x g ,
J
+
(p) º f x 2 V4 j there is an f-d causal curve from p to x g ,
E
+
(p) º J + (p) ± I + (p).
For any set f Í V4 we put
I
+
(f) º
p 2 f
I
+
(p) J
+
(f) º
p 2 f
J
+
(p) E
+
(f) º J + (f) ± I + (f).
In the de® nit ion of J + (p), I have considered that the trivial geodesic (the
point p taken as a curve of zero extension) is a part icular case of a null
geodesic. Thus, J + (f) Ê f. We omit dual de® nit ions for the chronological
pasts I - , the causal pasts J - and the past horismos E - . It is evident
that if q 2 J + (p), then p 2 J - (q), and if q 2 I + (p), then p 2 I - (q).
Moreover, from Proposit ion 2.13 it follows that : (i) if q 2 E + (f), then q
lies on an f-d null geodesic segment from f. (ii) if q 2 J + (p) and r 2 I + (q)
then r 2 I + (p). (iii) if q 2 I + (p) and r 2 J + (q) then r 2 I + (p). (iv) if
q 2 J + (p) and r 2 J + (q) then r 2 J + (p).
Some examples of all these sets have already appeared , namely, con-
sider any p 2 V4 and its normal neighbourhood Np . By itself, Np is a
spacet ime (Np , g). In this spacet ime I + (p) = C+p , E + (p) = ¶ C+p and
J + (p) = C+p [ ¶ C+p = I + (p) [ E + (p), as is easily seen from Proposit ion
2.1. Thus, J + (p) is closed as a subset of (Np , g). This simple structure is
broken in general when we leave a normal neighbourhood of p. Incidentally,
these examples show that the sets I + (p), J + (p) are non-empty. It must
be remarked that I + (p) or J + (p) relat ive to the spacet ime (Np , g) are not
necessarily equal to I + (p) \ Np and to J + (p) \ Np in the global spacet ime
V4 , respectively; and that for a non-empty set f Ì V4 , E + (f) may certainly
be empty! This curious sort of thing appears again and again in causality
theory Ð many examples can be found in [12,37,93,107,12 7,165,239] Ð
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and they have led to the de® nit ion of a cascade (see De® nit ion 2.17) of
stronger and stronger restrictions on the spacet ime in order to keep it ª as
reasonable as possibleº . But ® rst of all let us see that , nevertheless, there
are some basic properties kept by the global causal structure.
P rop osit ion 2 .15 . For an arbit rary non-empty set f Í V4 the following
statements hold:
(i) I + (f) is open.
(ii) I + (I + (f)) = I + (f) ; J + (J + (f)) = J + (f).
(iii) I + ( Åf ) = I + (f).
(iv) I + (f) = f x 2 V4 j I + (x) Í I + (f) g .
(v) J + (f) Í I + (f).
(vi) J + (f) = I + (f); ¶ J + (f) = ¶ I + (f); int J + (f) = I + (f).
Proof. It is enough to prove (i) for a point p 2 V4 , as the union of open sets
is open. Take any point q 2 I + (p), so that there is an f-d timelike curve c
from p to q. Take Nq and any point r 2 c \ C -q . Then, by the fundamental
Proposit ion 2.1, C+r is an open neighbourhood of q completely contained
in I + (p), because we can construct an f-d timelike curve from p to any
point s 2 C+r by joining c up to r with the timelike geodesic from r to
s . Statement (ii) is evident . Point (iii) follows because if there is an f-d
timelike curve from p 2 Åf to q, and as I - (q) is open, then there are f-d
timelike curves from f to q. Assertion (iv) is proved similarly in the right
direct ion. The converse also holds because if x is such that I + (x) Í I + (f),
then any neighbourhood of x, which must intersect C+x Í I + (x), must cut
also I + (f). Finally, (v) and (vi) follow immediately from this.
The second property in the previous proposit ion is very int eresting
and has been used in several ways. For example
De ® n it ion 2 .14 . A set f Í V4 is called a future set if I + (f) Í f.
From (i) and (ii) of Proposit ion 2.15 it is clear that f is an open future set
iŒf = I + (f); open future sets are called simply ª future setsº in [94,165].
However, I use here the de® nit ion in [107], which seems standard nowadays
[239].
De ® n it ion 2 .15 . A set f Í V4 is achronal if I + (f) \ f = ; .
In an achronal set there are no two point s that can be joined by a time-
like curve. Note, however, that spacelike (or null) curves, surfaces and
hypersurfaces do not have to be necessarily achronal. Similarly, we can
de® ne acausal sets as those without two point s related by a non-trivial
causal curve. An important example of an achronal set is the bound-
ary of a future set, for if f is a future set then from Proposit ion 2.15
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; = int (f) \ ¶ f = I + (f) \ ¶ f = I + ( Åf ) \ ¶ f from where I + ( ¶ f) \ ¶ f = ; .
We collect sets sharing this property in the following
De ® n it ion 2 .16 . A proper achronal boundary is the boundary of a future
set.
Proper achronal boundaries are both achronal and boundaries of some
set. Simple examples are the null cone of any point in ¯ at spacet ime, or
E + (S ) for any closed spacelike 2-sphere S in ¯ at spacet ime. But there are
sets which are both achronal and boundaries of a set but are not proper
achronal boundaries. Take for instance [165] two su ciently separated null
hyperplane s in the strip 0 < x0 < 1 of ¯ at spacetime.4 Other important
examples of proper achronal boundaries are the tradit ional `part icle’ and
`event ’ horizons [173]. For any timelike curve c these can be de® ned,
respectively, as ¶ I + (c ) and ¶ I - (c ) [163]. If c has a past (or future)
endpoint p (q), then these sets are simply ¶ I + (p) ( ¶ I - (q)). If c has no
future endpoint , then either the event horizon is empty or it is a proper
achronal boundary called the total event horizon. For example, a timelike
curve with constant accelerat ion in ¯ at spacet ime has non-empty total
event and part icle horizons. Other examples are provided by de Sitter
models (see Refs. 107,163) .
In De® nit ion 2.16 we could have assumed that the future set is open
by simply taking its interior. Thus, every non-empty proper achronal
boundary B is the boundary of an open future set, say B + , with I + (B + ) =
B + . It is then easy to see that B is also the boundary of V4 ± B
+ ,
which is a past set. Let us de® ne B - º int (V4 ± B + ) = I - (V4 ± B + ) so
that B - is an open set and obviously the spacet ime is the disjoint union
V4 = B
+ [ B - [ B . This decomposit ion is in fact unique given that V4
is connected (see Ref. 165) . However, I + (B ) and I - (B ) do not coincide
necessarily with B + and B - . A very important result regarding singularity
theorems is the following.
P rop osit ion 2 .16 . Any proper achronal boundary B is an imbedded
three-dimensional C1 - submanifold. In other words, B is an imbedded
achronal hypersurface without boundary.
Proof. Take any p 2 B , its normal neighbourhood Np and any point
q 2 C -p . Choose a small enough neighbourhood Up of p such that Up Ì
C+q \ Np . As Up is a proper subset of C+q , the Gaussian coordinat es (29)
are well-de® ned and the metric takes the simple form (28) . Further Up can
be so chosen that all the f-d timelike geodesics with constant values of y i in
4 This is why I have changed here the usual terminology: proper achronal boundaries
are simply called `achronal boundaries’ in the standard literat ure.
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Up go from I - (p) to I + (p). As they go from B - É I - (p) to B + É I + (p),
all of them must cross B , and at a unique point , as otherwise there would
be a t imelike curve between two points of B , cont radict ing the achronality
of B . Thus, there is a one-to-one map from B \Up to 3 , assigning to each
point of B ( transversed by the timelike geodesic marked by y i = u i ) the
point in 3 with coordinat es f u i g . The imbedding (1) of B can be now
locally de® ned as
y
0
= F 0 (u ), y i = F i (u ) = u i
for some function F 0 of the u i . We must show that F 0 is Lipschit z. To
that end, choose any pair of points r, s 2 B \ Up and a curve c in Up
parametrized by t 2 [0, 1], joining r to s and de® ned by y0 = c 0 (t), y i =
c i (t) = t D u i+ u i j r , where D u i º u i j s ± u i j r , c 0 (0) = y0 j r and c 0 (1) = y0 j s .
This curve must be non-t imelike in an open interval, as otherwise there
would be a timelike curve joining r, s 2 B , which is impossible. Hence,
by choosing Up appropriat ely we can assume that c is non-t imelike, which
means in our coordinat es
dc 0
dt
2
£ gi j (c )D u iD u j £ K 2 k D u k 2
for some posit ive constant K , which depends on Up and gi j , and where
k k stands for the usual norm in 3 . The displayed inequality implies that
j c 0 (t) ± c 0 (0) j £ K t k D u k for all t 2 [0, 1], and therefore
j c 0 (1) ± c 0 (0) j = F 0 j s ± F 0 j r £ K k D u k
as desired. This ® nishes the proof.
Any proper achronal boundary can be divided into four disjoint sub-
sets B A , BN , B F , BP according to the following classi® cation: B A is
acausal; BN is the set of point s through which there passes a null geo-
desic segment contained in B ; B F is the set of future endpoint s not in BN
of null geodesic segments in B ; and similarly B P for the past endpoint s.
These are fairly intuit ive. The next fundamental result characterizes these
subsets in a clear way [163,165]. The notation introduced above is used.
P rop osit ion 2.17. Let B be the boundary of the open future set B +
(and of the open past set B - ). If there is a neighbourhood Up of p 2 B
such that B + = I + (B + ± Up ) then p 2 BN [ B F . And if Up is such that
B - = I - (B - ± Up ) then p 2 BN [ B P .
Proof. It is enough to prove the ® rst part . Take any ball B1 Ì Up Ì Np
of the type used in the proof of P roposit ion 2.2. Let f pn g be an in® nite
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sequence of point s in I + (p) \ int B1 Ì B + converging to p. If the condit ion
B + = I + (B + ± Up ) holds, then there are f-d timelike curves from B + ± Up Ì
B + ± int B1 to each pn . The same reasoning as in P roposit ion 2.2 proves
that there is a causal f-d limit curve c joining a point in B + \ ¶ B1 to p. But
p being in B , I - (p) Ì B - so that I - (p) \ B + = ; . Then, by Proposit ion
2.1 c must be a null geodesic lying on B .
Corolla ry 2.3 . Let B = ¶ J + (f) = ¶ I + (f) for some f Ì V4 . Then,
B ± Åf Í BN [ B F .
Proof. For any p 2 B ± Åf there is a neighbourhood Up such that Åf\Up = ; ,
and then I + [I + (f) ± Up ] = I + (f) = B + . Thus, the previous proposit ion
assures that p 2 BN [ B F .
In other words, B = ¶ J + (f) is const ituted by BA and by null geodesic
segments which either are past endless Ð so that they are not in E + (f) Ð
or have past endpoints at Åf, and dually for the past . As already explained,
within the `small’ spacet imes (Np ,g) and for any compact set f Ì Np ,
¶ J ± (f) are closed and equal to E ± (f), so that there are no null geodesic
generators of ¶ J + (f) without past endpoint s at f in (Np , g).
This is the basic idea one wishes to keep as `reasonable’ for the causal
structure of physically realist ic spacet imes. Obviously, this cannot be true
if there are closed or almost closed causal curves through p 2 V4 because
these curves have the eŒect of making ¶ C+p to be a subset of I + (p). The
hierarchy of causality condit ions generally used is collected next .
De ® n it ion 2 .17 . A spacetime (V4 , g) satis® es:
² the chronology condit ion at p 2 V4 if p /2 I + (p).
² the causality condit ion at p 2 V4 if J + (p) \ J - (p) = f p g .
² the future dist inguishing condit ion at p 2 V4 if I + (q) /= I + (p) for all
q /= p. Similarly for the past dist inguishing condit ion.
² the strong causality condit ion at p 2 V4 if there are arbit rarily small
neighbourhoods of p which no f-d causal curve intersects in a discon-
nected set.
² the stable causality condit ion if there is a function whose gradient is
timelike everywhere.
² that it is causally simple if it is dist inguishing and J ± (p) are closed
for every p 2 V4 .
² that it is globally hyperbolic if it sat is® es the strong causality condi-
tion and J + (p) \ J - (q) is compact for all p, q 2 V4 .
The above condit ions have been given in increasing order of restric-
tion, so that if any of them holds then all the previous hold too. A
spacet ime is said to satisfy the chronology condit ion, causality condit ion,
etcetera, if the corresponding condit ion holds for every p 2 V4 . The
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chronology condit ion means that there are no closed f-d timelike curves
through p. Analogously, the causality condit ion forbids the existence
of closed f-d causal curves. If the chronology condit ion fails at p, then
I + (p) \ I - (p) 3 p and, in fact, the chronology condit ion fails to hold at
all q 2 I + (p) \ I - (p) as is evident . Furthermore, if r 2 I + (p) \ I - (p)
and r 2 I + (q) \ I - (q) then I + (p) \ I - (p) = I + (q) \ I - (q). Thus, the set
of point s at which the chronology condit ion does not hold is the disjoint
union of sets of the form I + (p) \ I - (p) [37]. Similar results hold for the
causality condit ion. As a curious result , the boundary of the set of point s
where the causality condit ion is violat ed is a proper achronal boundary
[37].
De ® n it ion 2.18. A spacetime is called totally vicious if I + (p) \ I - (p) =
V4 for some p 2 V4 .
P rop osit ion 2.18. If (V4 , g) is totally vicious, then I ± (f) = J ± (f) = V4
for all f /= ; .
Proof. As the spacet ime is totally vicious, there is a p 2 V4 such that
I + (p) \ I - (p) = V4 . Obviously, this condit ion holds for all q 2 V4 , as
q 2 I + (p) \ I - (p), so that for all q 2 V4 we have I + (q) = J + (q) = V4 .
There are numerous reasons for imposing the causality and chronology
condit ions, nonetheless there are many spacet imes which violat e them.
The most famous example is G Èodel spacetime [95] (see also Refs. 107,179) .
Other examples are provided by the next proposit ion [10].
P rop osit ion 2 .19 . If V4 is compact, then it does not satisfy the chronol-
ogy condit ion.
Proof. We can cover V4 with open sets of the form I
+ (p) , and extract a
® nite sub-cover f I + (pi ) g i= 1 , ...,n . So, p1 must be in some of the I + (pi ),
and this pi in some other, and so on. As there are only a ® nit e number of
the pi , at least one of them must satisfy pi 2 I + (pi ).
This poses some doubt s about the interest of compact spacet imes.
There are other reasons for ruling them out [107]. Another int eresting
result is that if the null convergence and the null generic condit ion hold,
then the chronology and causality condit ions are equivalent [107].
The problem is that not even with spacet imes satisfying the causality
condit ion are the causal paradoxes solved. For example, one can have
f-d causal curves starting at p and passing arbit rarily near p again, so
that a part icle travelling along this curve cannot aŒect p it self, but it may
in¯ uence most of the causal future of p after a loop. This is the idea behind
the dist inguishing condit ion, because we have
P rop osit ion 2 .20 . The future dist inguishing condit ion holds at p iŒthere
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are arbit rarily small neighbourhoods of p which no f-d causal curve from
p intersects in a disconnect ed set.
Proof. First of all, let us specify what is meant by arbit rarily small neigh-
bourhoods: essentially this means that such a neighbourhood can be found
within any neighbourhood of p. The proof need only treat the case with
q 2 I + (p), as otherwise there would be a neighbourhood Uq of q not inter-
secting I + (p), and thus, I + (q) \ Uq /= ; but I + (q) \ Uq \ I + (p) = ; . In
other words, if q /2 I + (p) (implying q /= p), then I + (q) /= I + (p). Let us
assume then that q 2 I + (p) with q /= p and also that there are arbit rarily
small neighbourhoods of p which no causal curve cuts in a disconnect ed a
set. We must prove that I + (q) /= I + (p). To that end, as V4 is HausdorŒ
there are open neighbourhoods Uq and Up of q and p, respectively, such
that Uq \ Up = ; . Suppose that s 2 I + (p) \ I + (q) \ Up (if there is no such
s , we are ® nished) . Then, q 2 I - (s ) and there is an open neighbourhood
Vq Ì Uq Ì I - (s ). As q 2 I + (p), Vq must cut I + (p), so that there is an
r 2 Vq \ I + (p). The f-d timelike curves joining p and r must inevitably
leave Up , for Vq\Up = ; . Let c be one of these curves. But r 2 Vq Ì I - (s ),
so that s 2 I + (r ) and there are f-d timelike curves from r to s . Let Äc be
one of these. Joining c with Äc we get an f-d timelike curve which leaves Up
and then goes back to s 2 Up . This proves that if s 2 I + (p) \ I + (q) \ Up ,
there is an f-d timelike curve which leaves and re-enters Up . Therefore, if
every s 2 I + (q) \ Up were also in I + (p), for all neighbourhoods Vp Ì Up
there would be an f-d timelike curve int ersecting Vp in a disconnect ed set,
against hypothesis. Then, there must be at least an s 2 I + (q) \ Up which
is not in I + (p), or equivalent ly, I + (q) /= I + (p).
Conversely, suppose that for all q 2 I + (p), q /= p we have I + (q) /=
I + (p). Given that q 2 I + (p), so that I + (q) Í I + (p), there must be at
least a point rq 2 I + (p) ± I + (q). As p 2 I - (rq ), there is a neighbourhood
Vp Ì I - (rq ), and this Vp cannot int ersect J + (q), as otherwise there would
be f-d causal curves from q to Vp which combined with the f-d timelike
curves from Vp to rq would imply rq 2 I + (q). Therefore, for all q 2 I + (p),
q /= p, there exists a neighbourhood of p, qVp , satisfying qVp \ J + (q) = ; .
Let Up be a neighbourhood of p with compact closure within Np and let
c be an f-d causal curve leaving Up . Let r 2 Up be the ® rst point of c
not in Up . Obviously, r 2 I + (p), so that from the above there is an open
neighbourhood rVp of p with rVp \ J + (r ) = ; . But c from r to the future
is, itself, in J + (r ) , so that once c has left Up through r it cannot come
back to rVp .
Corolla ry 2 .4 . The future (or past) dist iguishing condit ion implies the
causality condit ion.
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Although the dist inguishing condit ion may seem to forbid all uncom-
fortable direct causal violat ions, this is not so again. In fact, it may happen
that there is no curve from p which ever comes back close to p, but there
is a curve starting close to p and coming back close to p again. The idea
behind strong causality is precisely to avoid such situat ions. Another way
of putting it is that there is a neighbourhood Up such that for all q, r 2 Up
with r 2 I + (q) the sets I + (q) \ I - (r ) are complet ely contained within
Up . Evident ly, strong causality implies the dist inguishing condit ion, but
it is stronger. Further, strong causality assures that any limit curve of a
sequence of causal curves is causal. As a bonus, strong causality forbids
another causal anomaly usually called ª imprisonment º [12,37,107], and
which occurs in some well-known spacet imes such as Taub± nut or similar
[107,146,179].
P rop osit ion 2 .21 . If strong causality holds on a compact set K, there
is no future endless causal curve remaining in K, or which enters and
re-enters in® nitely many times in K.
Proof. Cover K with normal neighbourhoods of compact closure and ex-
tract a ® nite sub-cover f Ui g i= 1 , ...,n . As strong causality holds, then every
f-d causal curve cannot re-enter into any of the Ui once it has left it . In
consequence, any future endless causal curve c cannot remain in K. Simi-
larly, c can leave K and then re-enter into K through a Ui not yet crossed
by c , but this can be done only a ® nite number of times.
Let us prove an important result to be used repeatedly in the proofs
of singularity theorems and which, by itself, leads to a kind of preliminary
singularity theorem as a corollary.
P rop osit ion 2 .22 . If (V4 ,g) satis® es the chronology condit ion and ev-
ery endless null geodesic contains a pair of conjugat e point s then strong
causality holds.
Proof. Suppose that the strong causality condit ion failed at p 2 V4 . Take
the normal neighbourhood Np and a sequence of nested neighbourhoods
f Un g in Np converging to p. For each n , there would be an f-d causal curve
c n start ing at Un , leaving Np and then returning to Un . By Proposit ion
2.2 there would be an endless causal limit curve c passing through p. But
this contradict s the chronology condit ion because, even in the case that
c were a null geodesic, it would contain a pair of conjugat e point s and
thus, by Proposit ion 2.14, there would be a timelike curve joining point s
of c and, a posteriori , a closed timelike curve const ructed with c and the
adequat e c n for large enough n .
Corolla ry 2 .5 . If the null convergence, chronology, and generic condit ions
hold, then either the spacet ime satis® es the strong causality condit ion or
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is null geodesically incomplete.
Proof. Immediate because from Proposit ion 2.8 every null geodesic either
has a pair of conjugat e points or is incomplete.
As brie¯ y mentioned before, most singularity theorems will prove the
existence of incomplete geodesics. In this sense, the previous corollary sim-
pli® es matters considerably as one can assume the strong causality condi-
tion without restrict ing the problem provided that the generic, chronology,
and null convergence condit ions hold. It seems at ® rst sight that strong
causality is a `strong’ enough restriction on the causal violat ions of the
spacet ime. However, even though strong causality is somehow a minimal
su cient requirement , it is not completely satisfactory because we can still
have f-d causal curves starting arbit rarily close to p1 , never passing again
close to p1 and going arbit rarily near p2 , then f-d causal curves starting
arbit rarily close to p2 and passing arbit rarily near p1 . And the same with
p1 , p2 , p3 and so on. In fact, as argued by Carter [37], there is an in® nite
number of such higher and higher condit ions holding up to some degree
and being violat ed by the next. The stable causality condit ion was devised
by Hawking [105] to ® nish once and for all with the above unsat isfactory
situat ion. A good reference on this sub ject is [192]. The basic idea of
stable causality is that one can modify Ð `open slight ly’ Ð the null cones
of the spacet ime at every point without violat ing the causality condit ion.
P rop osit ion 2.23. A spacet ime is causally stable if and only if there
exists a continuous t imelike vector ® eld
®
v such that the modi® ed spacet ime
(V4 , Äg), with Ägmu = gmu ± vm vu , satis® es the causality condit ion.
The modi® ed spacet ime (V4 , Äg) has the necessary property that every
causal vector
®
k in (V4 ,g) is a timelike vector in (V4 , Äg), because
Äg(
®
k,
®
k ) = g(
®
k,
®
k ) ± [g(
®
v ,
®
k ) ]
2 < g(
®
k,
®
k ) £ 0
or, in other words, the null cones of (V4 , Äg) have been opened up.
Proof. Suppose that stable causality holds in (V4 , g). Then, there is a
diŒerentiable funct ion f such that ± df is timelike everywhere (and future-
point ing, without loss of generality ). First of all, let us remark that f is
a time function, in the sense that it increases along every f-d causal curve
in (V4 , g). Indeed, as ± df is future-point ing and timelike, km ¶ m f > 0
for all future-point ing causal vectors of (V4 ,g) . Thus, in (V4 ,g) there
cannot be closed causal curves, and the causality condit ion holds. Take
now the modi® ed spacet ime (V4 , Äg). It is easy to see that df is still timelike
everywhere in (V4 , Äg) for all choices of
®
v such that
(v
m ¶ m f )2 < ± (gmu ¶ m f ¶ uf ) (1 ± vm vm )
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(in part icular for v = df it self; Ref. 239) . Then, all these modi® ed space-
times satisfy the causality condit ion too. For the converse, put a measure
in the spacetime not related to the volume element and with total ® nite
volume. Take the volume of the past of any point in this measure as
the value of the time funct ion at that point (see the proof of Proposit ion
2.25) . This gives a non-cont inuous time function, in general, but the fact
that it is also a time funct ion in the slight ly modi® ed metrics allows its
average over a range of these metrics to obtain the required continuous
time funct ion. The diŒerentiable one can then be produced by smoothing
on normal neighbourhoods. The technicalit ies can be looked up in the
complete reference [192] (see also Refs. 105,107) .
Corolla ry 2 .6 . The stable causality condit ion implies the strong causality
condit ion.
Proof. Take any p 2 V4 , its normal neighbourhood Np and let f j p be the
value of the time function at p. It is very easy to see that we can choose
point s r 2 C -p and q 2 C+p such that the neighbourhood of p de® ned by
C+r \ C -q has the property that all f-d causal curves enter into C+r \ C -q
at values of f < f j p , and all f-d causal curves leave C+r \ C -q at values of
f > f j p . As f increases along every f-d causal curve, if any of these curves
ever enters and leaves C+r \ C -q , then it will not enter again.
In a stably causal spacetime, the hypersurfaces f = const. are spacelike
with future-point ing normal one-form ± df , so that the spacetime is foli-
ated by these hypersurfaces. In fact, as f increases along all f-d directed
causal curves, every causal curve can intersect each f = const. at most
once. In other words, the hypersurfaces f = const. are acausal. The sets
with these propert ies are called part ial Cauchy hypersurfaces, see De® ni-
tion 2.19. Very recent results on time funct ions and their porperties under
cosmological condit ions can be found in [5]. In part icular, the relat ion-
ship between the so-called regular cosmological time funct ions and global
hyperbolici ty is studied.
Stable causality is recognized as the proper condit ion avoiding any
possible causal violat ion or paradox. Still, it does not recover the simple
causal structure of normal neighbourhoods shown before, i.e., the closed-
ness of J ± (p). For example, Minkowski spacet ime with point (1, 1, 0, 0)
delet ed is stably causal, but J + (0, 0, 0, 0) is not closed. This problem is not
related to causal violat ion but rather to the global causal structure of the
spacet ime. Whether or not such `awkward’ behaviours should be forbidden
on physical grounds is not clear to me. In any case, the condit ions elimi-
nat ing them are causal cont inuity and causal simplicity. Causal continuity
is an int ermediate condit ion between stable causality and causal simplic-
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ity [109], but it will not be considered here. Causally simple spacet imes
were de® ned above as those dist inguishing spacet imes such that J ± (p) are
closed for every p 2 V4 . It must be noticed that the requirement of the
dist inguishing condit ion is necessary (compare Ref. 107) , as otherwise to-
tally vicious spacet imes are causally simple because of Proposit ion 2.18
(see Ref. 215) .
P rop osit ion 2.24. A dist inguishing spacetime is causally simple if and
only if ¶ J + (p) = E + (p) and ¶ J - (p) = E - (p) for every p 2 V4 .
Proof. If J + (p) is closed then J + (p) = J + (p), so that ¶ J + (p) º J + (p) ±
int J + (p) = J + (p) ± I + (p) = E + (p) . The converse is similar.
The strength of causal simplicity is de® ned by the next result , where
the necessity of assuming the dist inguishing condit ion appears again.
P rop osit ion 2 .25 . Any causally simple spacetime satis® es the stable
causality condit ion.
Proof. There are several ways to prove this. One which will be helpful later
is as follows. First of all, let us remark that in any causally simple (V4 ,g)
we have q 2 J + (p) = J + (p) iŒp 2 J - (q) = J - (q). This implies that the
spacet ime is re¯ ecting [109], i.e. I + (q) Í I + (p) iŒI - (p) Í I - (q), because
of statement ( iv) in Proposit ion 2.15. In fact, V4 is strictly re¯ ecting, that
is, I + (q) Ì I + (p) iŒI - (p) Ì I - (q) because it is dist inguishing (I ± (p) =
I ± (q) iŒp = q) . For the same reasons, J + (q) Ì J + (p) iŒJ - (p) Ì J - (q)
for p /= q. These propert ies are more than needed here, but are int eresting
for the global hyperbolicity of next subsect ion. Put an addit ive measure
M in V4 such that the volume of each open set is posit ive and the total
volume of V4 is ® nite in M (see Ref. 91) . For each p 2 V4 , de® ne t - (p)
as the volume of J - (p) in the measure M . Evident ly, t - is bounded and,
from the above propert ies, strictly increasing along every f-d causal curve c
and continuous along c . To see this last part , take any in® nit e sequence of
point s f pn g converging to p 2 c and such that pn 2 J - (p) for all n . Every
q 2 J - (pn ) for all n must be in J - (p), because all pn 2 J + (q) which
implies by causal simplicity p 2 J + (q) = J + (q). Thus t - (pn ) ® t - (p)
and the same happens for any in® nite sequence f pn g converging to p 2 c
and such that pn 2 J + (p) for all n . In fact, t - can be smoothed to a
diŒerentiable time function using any standard procedure (see Ref. 192) .
Finally, the last given condit ion, global hyperbolicity, includes all oth-
ers.
P rop osit ion 2 .26 . Any globally hyperbolic spacet ime is causally simple.
Proof. If there were a point q 2 J + (p) ± J + (p) for some p 2 V4 , it
would follow that I + (q) Í I + (p). For any s 2 I + (q) Í I + (p) de® ne
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J + (p)\ J - (s ). Then q would be in J + (p) \ J - (s ) but not in J + (p)\ J - (s ).
But this is impossible as J + (p) \ J - (s ) is compact .
However, global hyperbolicity is much more than a causality condit ion
as is int imately related to the existence of maximal curves in the spacet ime,
and to the existence of acausal 3-dimensional hypersurfaces which every
causal curve meets. The next subsect ion is devoted to a summary of all
these fundamental propert ies. The basic references are [91,191].
2.4. Global hyp erbolicity and maximal curves
First of all, let us de® ne the past Cauchy development or past domain
of dependence of a set f and its past Cauchy horizon, respectively, as
follows
D - (f) º f x 2 V4 j every f-d endless causal curve from x meets f g ,
H - (f) º D - (f) ± I + [D - (f) ]
and dually for the future domain of dependence D+ (f) and future Cauchy
horizon H + (f). Naturally, D - (f) É f. We also denot e D (f) º D+ (f) [
D - (f) and H (f) º H + (f) [ H - (f), called the total domain of depen-
dence and total Cauchy horizon, respect ively. The Cauchy horizons are
the causal boundaries of the domains of dependence and, by their de® ni-
tion, are always closed. As an example, in a normal neighbourhood Np of p
we can take any spacelike hypersurface t = const. as de® ned in Lemma 2.1.
Then, H - (t = const.) = ¶ C+p within (Np ,g). In general, if f is achronal,
then D - (f) \ I + (f) = ; . The set D + (f) is important on physical grounds
because if energy and matter propagat e causally, then all possible physical
events in D + (f) are in¯ uenced exclusively by the matter and energy on f.
Thus, H + (f) is the future boundary where this happens. In fact, it can
be proved that if DEC holds on D (f) and the energy-momentum tensor
vanishes at f then it vanishes on the whole of D (f) [107]. Recent ly, the
same result has been found for the curvature tensor in vacuum [23].
Lem m a 2.4 . For any closed achronal set f, H + (f) is achronal and
int D+ (f) = I + (f) \ I - [D + (f)].
Proof. From its de® nit ion, I - [H + (f)] Ì I - [D+ (f)] Ì V4 ± H + (f), so
H + (f) \ I - [H + (f)] = ; . For the second part , if p 2 int D+ (f) then
obviously p 2 I + (f) and also there is a neighbourhood Up of p within
int D+ (f), so that there is a q 2 C+p \ Up Ì int D + (f) which implies that
p 2 I - (q) Ì I - [D+ (f)]. Conversely, if p 2 I + (f) \ I - [D + (f)], then there
is a neighbourhood Up such that Up Ì I - (q) \ I + (r ) for q 2 D + (f) and
r 2 f. For all s 2 Up , r 2 I - (s ) Ì I - (q) so that all endless past-directed
causal curves from s must meet f.
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By similar methods one can prove [107,165]
Lem m a 2.5 . For any closed achronal set f, D+ (f) is the set of p 2 V4
such that every past-directed endless timelike curve from p meets f. Then,
I + [H+ (f) ] = I + (f) ± D+ (f) and ¶ D + (f) = H + (f) [ f.
The Cauchy horizons will have propert ies very similar to those of
proper achronal boundaries, except for the possibility of having an `edge’ .
The precise de® nit ion is
edge (f) º x 2 Åf j every neighbourhood Ux of x contains
point s p 2 C -x and q 2 C+x and
an f-d timelike curve from p to q not meeting f g .
Notice that curves or surfaces have an edge equal to themselves. Points
in the edge (f) are points in Åf ± f together with those in which f is not a
continuous 3-dimensional manifold. Evident ly, proper achronal boundaries
have no edge. If any closed achronal set has no edge (called edgeless) ,
then an argument ident ical to that in Proposit ion 2.16 proves that it is
an imbedded 3-dimensional C 1 - submanifold. In part icular, H + (f) will
satisfy this whenever edge [H + (f)] = ; . But this happens if and only if
edge (f) = ; , because of the general result :
Lem m a 2.6. For a closed achronal set f, I + [edge (f)] \ D + (f) = ; and
edge [H + (f)] = edge (f).
Proof. For the ® rst part it is not necessary to assume that f is closed.
If s 2 I + (p) for some p 2 edge (f), there is a neighbourhood Us of s in
I + (p). Given that for every neighbourhod of p there are points q 2 C -p ,
r 2 C+p and an f-d timelike curve c from q to r not meeting f, then we
can join up a past-directed t imelike curve from any point in Us to r Ð not
meeting f because f is achronal Ð with c and then extend it to the past
of q inde® nitely. This curve does not int ersect f, so that Us \ D+ (f) = ; ,
hence s /2 D + (f). For the second part take any p 2 edge (f) so that
p 2 D+ (f). The ® rst part of the lemma implies I + (p) \ D + (f) = ; so
that p /2 I - [D + (f)], and thus p 2 D+ (f) ± I - [D + (f) ] = H + (f). To see
that in fact p 2 edge [H + (f)], remember that every neighbourhood Up of p
contains point s q 2 C -p , r 2 C+p and an f-d timelike curve c from q to r not
meeting f. This very c cannot meet H+ (f) , because every past-directed
inextendible timelike curve from H + (f) intersects f (Lemma 2.5 when f
is closed) , f is achronal and q 2 I - (f). The converse is similar.
P rop osit ion 2.27. If f is a closed achronal set, H + (f) is generat ed by null
geodesics segments which are either past endless or have a past endpoint
at edge (f).
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Proof. The idea is the same as in P roposit ion 2.17 and its Corollary 2.3.
Take the set B + º I + (f) ± D+ (f), which by Lemma 2.5 is an open future
set because B + = I + [H + (f)]. Take its boundary B º ¶ B + , which is a
proper achronal boundary by De® nit ion 2.16. As H + (f) is achronal and
B + = I + [H+ (f)], we have H + (f) Í B + ± B + = B , so that H+ (f) is
a closed subset of B . If p 2 H + (f) ± f, then there is an f-d timelike
curve c from f to p. Take any point q 2 c \ C -p and a neighbourhood
Up of p such that Up Ì C+q . From every r 2 Up \ B + , and given that
B + = I + (f) ± D+ (f), there exists a past-direct ed endless timelike curve
not meeting f, and therefore not meeting H + (f) either. This curve must
int ersect Up at s , say. There is also an f-d timelike curve from q to s not
passing through Up but necessarily crossing H + (f), as p /2 edge [H + (f) ].
Joining these two curves, an f-d timelike curve from H+ (f) ± Up to any
r 2 Up \ B + is constructed and thus Up \ B + Ì I + [H + (f) ± Up ]. This
means the condit ion of Proposit ion 2.17 holds, and hence p 2 BN [ B F .
Analogously, if p 2 (H + (f) \ f) ± edge (f) , choose the neighbourhood Up
within C+q \ C -r for some point s q 2 I - (f) and r 2 I + (f), and such that
every timelike curve in C+q \ C -r meets H+ (f) and f. Then, the same
reasoning as before proves that p 2 BN [ B F .
De ® n it ion 2 .19 . Every edgeless closed acausal set S is called a par-
tial Cauchy hypersurface. If also D (S ) = V4 , then S is a global Cauchy
hypersurface.
Global Cauchy hypersurfaces are referred to simply as Cauchy hypersur-
faces. Evident ly, S is a Cauchy hypersurface iŒH (S ) = ; . These de® ni-
tions can be weakened by relaxing the acausality to mere achronality. A
very simple way to know whether any given S is a Cauchy hypersurface is
by using the next result [91,165].
P rop osit ion 2 .28 . A closed acausal set S is a Cauchy hypersurface if
and only if every endless null geodesic meets S .
Proof. If S is a Cauchy hypersurface then every f-d endless causal curve
meets S , in part icular every endless null geodesic. Conversely, let us prove
® rst that S is edgeless. If every f-d endless null geodesic c from p /2 S meets
S , then we can take q 2 c before c meets S and another f-d endless null
geodesic from q which by hypot hesis must also meet S . By Proposit ion 2.13
there is an f-d timelike curve from p to S , so that p 2 I - (S ). Similarly,
if every endless past-direct ed null geodesic from p /2 S meets S , then
p 2 I + (S ). As S is acausal, the only remaining possibility is p 2 S .
Thus, ¶ I + (S ) = ¶ I - (S ) = S , so that S is a proper acausal boundary,
whence edgeless. Now, as S is acausal and edgeless, by Proposit ion 2.27 all
hypothet ical null generators of the would-be H (f) cannot meet S , against
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hypothesis. Hence, H (f) = ; .
In fact , as is obvious, every null geodesic not merely intersects S but
crosses it and enters into I + (S ) or I - (S ). This result can be established
in full generality.
Lem m a 2.7 . Let f be any closed achronal set. Then
(i) if p 2 D - (f) ± H - (f), every f-d endless curve from p meets f ± H - (f)
and I + (f).
(ii) if p 2 int D (f), then every past and future endless curve through p
intersects both I ± (f) .
(iii) strong causality holds on int D (f).
(iv) if strong causality holds on J + (f), then H + [E + (f) ] is non-compact
or empty.
Proof. For the ® rst part , let c be any f-d endless causal curve from p. Take
any point q 2 D - (f) \ C -p , which always exists as p /2 H - (f). Construct
an f-d endless causal curve l from q such that for each r 2 l there is an
rl 2 c \ I + (r ). This can be easily done by covering c with a locally ® nite
system of normal neighbourhoods and building l step by step (see Ref. 165;
alternat ively, see Refs. 91,239) . Obviously, l must meet f at some point s ,
and s cannot be in H - (f) because I - [H - (f)]\ D - (f) = ; by Lemma 2.5.
Further, there is a point sl 2 c \ I + (s ) by construction, so that c enters
into I + (f). Statement ( ii) is immediate from the ® rst because int D (f) =
D (f) ± H (f) and f Í D + (f) \ D - (f). To prove (iii) , notice that the
chronology condit ion holds in int D (f), as otherwise there would be a closed
timelike curve crossing f inevitably and thus violat ing it s achronality. Now
suppose that strong causality condit ion failed at p 2 int D (f) and proceed
exact ly as in Proposit ion 2.22 to build an endless causal limit curve c
through p of a sequence of f-d causal curves f c n g starting and coming
back closer and closer to p. According to the second part , there would be
point s of c in both I + (f) and I - (f). So, if p 2 J + (f) there would also be
some f-d curves c n , for n big enough, starting at I
+ (f) and then entering
into I - (f), violat ing again the achronality of f. If p 2 J - (f) the reasoning
is ident ical by following the c n in the past direct ion. Finally, point (iv) is
an important result found in [108]. To prove it recall that , by Corollary 2.3,
through any point p 2 ¶ J + (f) ± f there passes a past -directed null segment
lying in ¶ J + (f) which is either past endless ( if p 2 ¶ J + (f) ± E + (f)) or
has a past -endpoint at f (if p 2 E + (f)) . In the ® rst case, from statement
(i) it follows that p /2 D + [ ¶ J + (f)] ± H + [ ¶ J + (f) ], because the past -endless
null segment remains in ¶ J + (f) and thus it cannot enter into I - [ ¶ J + (f) ].
In other words,
¶ J + (f) ± E + (f) Í H + [ ¶ J + (f) ]
S in gu la r i ty T h e or em s an d T h e ir C on se qu e n c e s 7 45
from which it follows that
D+ [ ¶ J + (f) ] ± D + [E + (f) ] = ¶ J + (f) ± E + (f) Í H + [ ¶ J + (f) ],
because this is the set of point s from which there is a past-directed endless
timelike curve c intersecting ¶ J + (f) ± E + (f) Í H + [ ¶ J + (f) ], and this
c must in fact start at ¶ J + (f) ± E + (f) Í H + [ ¶ J + (f)] itself due to the
achronality of H + [ ¶ J + (f)] and Lemma 2.5. Immediately we also deduce
intD
+
[E + (f) ] = intD
+
[ ¶ J + (f) ],
H
+
[ ¶ J + (f) ] ± H + [E + (f) ] = ¶ J + (f) ± E + (f) .
Now, suppose that H + [E + (f)] were compact . If edge [E + (f) ] = ; this
would already be impossible due to Proposit ions 2.21 and 2.27. In general,
however, there may be a non-empty edge (there is an example in Ref. 108) .
In any case, we could cover H + [E + (f) ] with a ® nite number of normal
neighbourhoods f Ui g i= 1 , ...,n with compact closure, so that the closure K
of their union would still be compact and K É H + [E + (f) ]. Note that
every past -directed curve from any q 2 J + (f) to f must cross D+ [E + (f) ],
because of the above propert ies and the fact that I - [ ¶ J + (f)] \ f = ; . If
H + [E + (f) ] were also non-empty, then J + (f) ± D+ [ ¶ J + (f) ] \ K /= ; and
there would be a past-endless causal curve c 1 from this set not crossing
¶ J + (f), and thus remaining in J + (f), nor crossing D + [E + (f) ]. If this
curve remained in K, it would contradict strong causality by Proposit ion
2.21. Suppose c 1 left K and take any q1 2 c 1 ± K. As q1 2 J + (f), there
would be a past-directed causal curve Äc 1 from q1 to f, and thus Äc 1 would
have to cross D+ [E + (f) ] which in turns means that Äc 1 would have previ-
ously entered into J + (f) ± D + [ ¶ J + (f)] \ K again. Choose then another
curve c 2 having the same propert ies as c 1 and repeat the procedure Ð
if c 2 ever leaves K Ð constructing the corresponding Äc 2 , c 3 , etcetera.
The combinat ion of all these curves would produce a past-endless causal
curve entering and re-entering, or remaining, intoK, in contradict ion with
Proposit ion 2.21 again.
P rop osit ion 2 .29 . For any closed achronal set f, ( int D (f), g) is globally
hyperbolic.
Proof. Let p, q 2 int D (f) and take any in® nite sequence of points f pn g in
J + (p)\ J - (q). We must ® nd an accumulat ion point of the f pn g in J + (p) \
J - (q). To that end, choose any sequence of f-d causal curves f c n g from p
to q such that pn 2 c n for each n . First , let us prove that there is an f-d
causal limit curve of the sequence f c n g which goes from p to q. The f c n g
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are future endless in the spacet ime (V4 ± f q g , g), and as p is an accumulat ion
point of the sequence, by P roposit ion 2.2 there is an f-d causal limit curve c
passing through p and future-endless in the excised spacet ime (V4 ± f q g , g).
Assume p 2 D - (f) (if p 2 D+ (f) the argument is dual) and consider the
two possibilit ies: (i) q 2 D - (f) or (ii) q 2 I + (f) \ int D (f). In case (i), c
cannot enter into I + (f) because q /2 I + (f) and C -q int ersects all the c n .
As a consequence of Lemma 2.7 the limit curve c is not future endless.
As c is future endless in V4 ± f q g , c necessarily has a future endpoint at
q. In case (ii) , we can consider p 2 I - (f), as otherwise p 2 f Í D + (f)
and the dual reasoning of case (i) applies, int erchanging q and p. Now,
c does enter into I + (f) , because q 2 I + (f). Take a point r 2 c \ I + (f)
and choose a subsequence f cm g of f c n g converging to the piece of c which
goes from p to r . Reversing the argument, the subsequence f cm g has q
as accumulat ion point so that there is a past-directed causal limit curve Äc
passing through q, which is past endless in (V4 ± f p g ,g) and enters into
I - (f). Obviously then, Äc cannot remain to the future of r [which is in
I + (f) ] so that Äc must pass through r , because r is a convergence point of
the subsequence f cm g . Then, the combinat ion of c from p to r together
with Äc from r to q provides the required limit curve. Summarizing, in all
cases there is an f-d causal curve l (say) from p to q which is a limit curve
of the f c n g . Choose an appropriat e subsequence f c^ k g converging to l and
the corresponding subsequence f p^k g of the init ial sequence of point s. Take
any neighbourhood Ul of l with compact closure. Ul contains all the c^ k ,
whence all the p^k , but a ® nite number, so that there is an accumulat ion
point p^ 2 Ul of the subsequence f p^k g . Evident ly, p^ must lie on l because
every neighbourhood of p^ contains an in® nite number of the p^k , and then
of the c^ k , and f c^ k g converges to l. Thus, the arbit rary init ial sequence of
point s f pn g accumulat es at p^ 2 l Í J + (p) \ J - (q) , so that J + (p) \ J - (q)
is compact.
By similar or diŒerent [165] methods, one can prove:
P rop osit ion 2 .30 . For a closed achronal set f, if p 2 int D (f) then
J + (f) [ J - (p) is compact.
A corollary of P roposit ion 2.29 is that the existence of a Cauchy hypersur-
face for the spacet ime implies global hyperbolic ity. As proved by Geroch
[91], the converse also holds.
P rop osit ion 2 .31 . A spacetime is globally hyperbolic if and only if it
contains a Cauchy hypersurface.
Proof. One implicat ion is P roposit ion 2.29 itself. For the converse, assume
the spacet ime is globally hyperbolic, and hence (V4 ,g) is causally simple
by Proposit ion 2.26 so that the results at the beginning of the proof of
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Proposit ion 2.25 and the construction of the time function t - hold. Anal-
ogously, we can construct the dual time function t+ , which decreases along
every f-d causal curve. Both t± are posit ive by const ruction. By Proposi-
tion 2.21 every future endless causal curve cannot remain (or inde® nitely
re-enter) within any compact set, in part icular it must leave any set of
the form J + (p) \ J - (q), which is compact by hypothesis. This means
that t+ must tend to zero along every such c , and similarly t - must tend
to zero along any past endless causal curve. Consider the diŒerentiable
funct ion t º t - / t+ . The sets S t : f t = const. g are acausal, because t
strictly increases along every f-d causal curve. In fact, t takes all possible
values in (0, ¥ ) along every causal curve, for t - goes to zero to the past
and t+ tends to zero to the future. Thus, for an arbit rary ® xed value t0 ,
the acausal set S t 0 is crossed by all endless causal curves so that S t 0 is a
Cauchy hypersurface.
Corolla ry 2 .7. If the spacetime contains a Cauchy hypersurface S , then
V4 is homeomorphic to £ S by a map such that for all c 2 , the image
of f c g £ S in V4 is a Cauchy hypersurface.
Proof. Simply take a global timelike vector ® eld
®
u and its timelike con-
gruence. De® ne the project ion P : V4 ® S by taking each point x 2 V4
along the curve of the congruence
®
u passing through x until it reaches S
in a unique point P(x) 2 S . The required homeomorphism can be sim-
ply de® ned by combining P with the real-valued funct ion log t : V4 ® .
Sometimes, this homeomorphism may be improved to a diŒeomorphism
[192].
Global hyperbolicity was int roduced somewhat diŒerent ly by Leray
[131] (cited, for instance, in Refs. 41,81,91,107,16 5), and its importance
depends on the fact that it allows for the existence and uniqueness of
solut ions of wave-type equat ions [81] and leads to the existence of maximal
geodesics. This second part is of tremendous importance in singularity
theorems. De® ne the Lorentzian distance dp ,q as the least upper bound
of L(p, q; c ) for all f-d causal c when q 2 J + (p) and zero otherwise. In
principle, dp ,q may be ¥ and is obviously non-symmetric in p and q. As we
already know, dp ,q is continuous when q 2 Np (see the proof of Proposit ion
2.9) . This is not true in general, but easily provable results are
Lem m a 2.8 . Let (V4 , g) be strongly causal.
(i) Let c be any f-d causal curve from p to q 2 J + (p). Given any e > 0,
there is a neighbourhood Uc of c such that no other curve l Ì Uc has
length bigger than L(p, q; c ) + e.
(ii) If the spacet ime is globally hyperbolic, then dp ,q is continuous in p
and q.
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[see, e.g., Refs. 107,165,239 for point (i), and Refs. 12,107 for (ii) ].
P rop osit ion 2 .32 . If the spacet ime is globally hyperbolic then for all
p, q 2 V4 with q 2 J + (p) there exists a maximal geodesic arc joining p to
q.
Proof. If q 2 E + (p), then the result is already known (Proposit ion 2.13) .
Take then q 2 I + (p)(= J + (p) ± E + (p)) (Proposit ions 2.26 and 2.24) .
We ® rst show that dp ,q is ® nite in globally hyperbolic spacetimes. As
J + (p) \ J - (q) is compact, we can cover it with a ® nite number of convex
normal neighbourhoods f Ui g i= 1 , ...,n with compact closure such that none
of them contains any f-d causal curve of length greater than any ® xed
bound k. Strong causality holds, so that all f-d causal curves can cross
each Ui at most once. Thus, dp ,q £ nk. It remains to see that there is
a causal curve c such that L(p, q; c ) = dp ,q . From Lemma 2.8, dp ,q is
continuous as a funct ion of q or p. Then, by classical results in analysis,
dp ,q attains its maximum when varying over a compact set . Of course,
this does not prove the existence of c yet. However, a maximal c can
be easily built as follows. By its de® nit ion, dp ,q ³ dp ,x + dx ,q for all
x 2 J + (p) \ J - (q) . Let p 2 U1 (say) with q /2 U1 , and de® ne the funct ion
f (x) º dp ,x + dx ,q . As f (x) is ® nite and continuous, it at tains its maximum
value, which is dp ,q , at some point s in the compact set ¶ U1\ J + (p)\ J - (q),
so that dp ,s + ds ,q = dp ,q . Let us take the timelike geodesic l starting at
p and passing through s , which is maximal at all its point s within Np by
Proposit ion 2.9, so that dp ,x = L(p, x; l) for all x 2 Np , which in turn
means that the relat ion dp ,x + dx ,q = dp ,q holds for all x 2 l previous to
s , because dp ,q = dp ,s + ds ,q = dp ,x + dx ,s + ds ,q . If there were a last point
r 2 l \ J - (q) ± f q g such that l is maximal from p to r (dp ,r = L(p, r ; l)
by continuity) , then we would have dp ,y > dp ,r + dr ,y for every y 2 C+r \U2
(say) , because dr ,y = L(r, y; l), l being the unique maximal geodesic from
r to y in C
+
r . But then
dp ,y + dy ,q > dp ,r + dr ,y + dy ,q , " y 2 C+r \ U2 ,
which is impossible because the function dr ,y + dy ,q must also attain its
maximum value dr ,q = dr ,z + dz ,q at some point z in the compact set
¶ U2 \ J + (r ) \ J - (q), and the previous displayed inequality would then
imply at z the absurd result dp ,z + dz ,q > dp ,r + dr ,q = dp ,q . Therefore, l is
maximal within J + (p) \ J - (q) and the relat ion dp ,x + dx,q = dp ,q holds for
all x 2 l \ J - (q). To see ® nally that l reaches q, note that l must leave
the compact set J + (p) \ J - (q) (by Proposit ion 2.21) through some point
Äq 2 ¶ J - (q), which actually it has to be q it self as otherwise Äq 2 E - (q) ± f q g
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(by causal simplicity) so that d Äq,q = 0 implying dp , Äq = dp ,q (as Äq lies on
l), which is absurd because the combinat ion of the maximal timelike geo-
desic l with the f-d null geodesic from Äq to q cannot be maximal (Corollary
2.1) .
It must be stressed that the converse is not true in general: there
are non globally hyperbolic spacet imes such that there is a maximal curve
between any pair of causally related point s. Further, the maximal geodesic
curve in this proposit ion is not necessarily unique. Similarly, we also have
P rop osit ion 2 .33 . Let S be a part ial Cauchy hypersurface. Then, for
all q 2 D + (S ) there is an f-d maximal geodesic from S to q.
Once the existence of maximal curves has been established in globally
hyperbolic spacet imes, many of the key results for singularity theorems can
be readily deduced. For instance, the following property, closely related
to the so-called causal disconnect ion [12], and leading to a corollary which
is, by itself, the fundamental and main argument used in the proof of the
celebrated and very powerful Hawking± Penrose singularity theorem [108]
(Lemma 5.1) .
P rop osit ion 2 .34 . Let (V4 ,g) be globally hyperbolic and take two di-
verging sequences of point s f pn g and f qn g such that , for each n , qn 2
J + (pn ) ± f pn g . Let c n be a maximal geodesic from pn to qn . If all such
f c n g intersect a compact set K, then there is an endless f-d maximal causal
curve in the spacet ime which also meets K.
By diverging sequence f pn g is meant any in® nite sequence such that every
compact set contains only a ® nit e number of the pn . Of course, this does
not mean that the point s pn approach in® nity for large n , because they
can also `diverge’ towards some other edge of the spacet ime, for example,
a singularity. The relat ion qn 2 J + (pn ) must hold only for each n , and qn
or pn do not have to be necessarily in J
+ (pk ) for k /= n . The existence of
each c n is assured by Proposit ion 2.32. Moreover, K is any compact set
and needs not be achronal or spacelike.
Proof. Extend the geodesics c n inde® nitely to the past and future and
st ill call them c n . Of course, these endless c n may fail to be maximal for
point s on c n not between pn and qn . By assumption, all these geodesics
meet K. Choose point s rn 2 c n \ K for each n . The sequence f rn g has
an accumulat ion point r 2 K and, by Proposit ion 2.2, the sequence f c n g
has an f-d endless causal limit curve c passing through r . This is the
desired curve and intuit ively c is clearly maximal, whence geodesic by
Corollary 2.1. To prove it rigourously, let f cm g be a subsequence of f c n g
converging to c and choose any pair of point s x, y 2 c , with y 2 J + (x).
Take sequences f xm g , f ym g converging to x and y, respect ively, such that
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xm , ym 2 cm for each m . Given any e > 0, let Uc be a neighbourhood with
compact closure of the port ion of c from x to y such that no f-d causal
curve in Uc has length great er than L(x, y; c ) + e (point (i) in Lemma 2.8) .
There is an m 1 such that the port ion of cm from xm to ym lies entirely
in Uc but pm , qm /2 Uc for all m > m 1 . This means that xm 2 J + (pm )
and ym 2 J - (qm ), so that cm are maximal between xm and ym for all
m > m 1 . But then, from the continuity of dx ,y (point ( ii) in Lemma 2.8)
we have the following chain of inequalit ies for all e > 0:
" m > m 1 , dx ,y £ dxm ,ym + e = L(xm , ym ; cm ) + e £ L(x, y; c ) + 2e.
This immediately implies L(x, y; c ) = dx ,y , and hence c is maximal.
Corolla ry 2 .8 . Let (V4 , g) be globally hyperbolic . If there exist a future-
endless causal curve c and a past-endless causal curve l, and all f-d causal
curves from l to c intersect a compact set K, then there is an endless f-d
maximal causal curve.
Proof. Simply choose two diverging sequences f qn g and f pn g on the future-
and past-endless curves, respectively.
As a trivial example of the above, take Minkowski spacet ime and two
diverging sequences f qn g and f pn g lying on any endless f-d null geodesic c
(here the compact set is any p 2 c ). More interesting is the case of a glob-
ally hyperbolic spacet ime with a compact Cauchy hypersurface. However,
the true importance of the above result is that it can be applied to any
region of the form int D (f) Ì V4 due to P roposit ion 2.29, which will lead
to the stronger singularity theorems of wider applicat ion (see Section 5).
3. DEFINITION, TYPES AND EXAMPLES OF SINGULARITIES
There is no widely accepted de® nit ion of singularity in General Rel-
ativity. Even though there is some consensus on considering causal ge-
odesic incomplet eness as a signal of the existence of a `singularity ’ , the
related quest ion of the extendibility and which type of extendibility of the
spacet ime allows one to maintain reasonable doubt s on how robust and
well-posed such a de® nit ion is. Further, there are examples of compact
spacet imes containing incomplete causal geodesics, and therefore singu-
larit ies by the usual de® nit ion (see Example 3.4 and Refs. 146,179) . It
seems that the only unanimously accepted idea regarding singularit ies is
that the Friedman± Lema^õ tre± Robertson± Walker (flrw) cosmological mod-
els [82,83,129,174,2 40] contain a universal singularity in the ® nite past as
long as they are expanding and do not violat e SEC [66,112,124,128, 149,
179,241]. Not even something as simple as the singularity appearing in the
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maximal analyt ical extension of Schwarzschild vacuum solut ion [188] has
a common accepted view (see Example 3.3, Refs. 1,16,24,25,114 and refer-
ences therein) . The fact that this singularity is `spacelike’ and in the future
of every possible part icle hitting it is, to say the least , something strange
and hitherto unexplained. There are many other controversial examples,
and I shall try to give some account of them in what follows.
The di culty in recognizing what a singularity is can be appreciat ed
by looking at any history of this concept in General Relat ivity, e.g. the
review [220]. Singularit ies, horizons, extensions and in® nit ies in the curva-
ture have been mixed, confused and inadequat ely combined many times.
Fortunately, today there is some agreement on what a horizon and an
extension are; also on what some diverging curvatures can mean. Nev-
ertheless, there is no complete consensus on when an extension must be
performed, and in that case which extension as they are highly non-unique
[46,190]. Besides, propert ies of singularit ies are not clear, and this leads
to several unrelat ed classi® cations which will be described presently.
Key references on the de® nit ion of singularity are [90,179], where the
main di cult ies arising from most simple approaches are clearly explained.
Many of the ideas presented here were inspired by the paper [190], in which
a more up-to-date view and an excellent introduct ion can be found. The
intuit ive idea one has of a singularity is some `place’ where something
goes wrong. However, making this precise encounters impressive logical
problems. Let us consider some simple illust rative examples.
Exam p le 3 .1 (T h e FLRW m od e ls ) . These are spacet imes where the
manifold is V4 = I £ S with I Í an open interval and S is either 3 or S3 .
The metric is locally characterized by the existence of a group of isome-
tries of six parameters act ing transit ively on three-dimensional spacelike
hypersurfaces. Therefore, they are the spat ially homogeneous and isot ropic
models. The line-element is given by [112,124,128,149 ,159,241]
ds
2
= ± dt
2
+ a
2
(t) [dx
2
+ S 2 (x , k) (d q 2 + sin2 q d u 2 ) ]
where a(t) is called the scale factor and S (x , k) is de® ned by
S(x , k) º
sin x if k = 1,
x if k = 0,
sinh x if k = ± 1.
(33)
Here, k is called the curvature index and k = 1, 0, ± 1 for the so-called
closed, ¯ at or open models, respectively. The range of q and u is the
standard one on the 2-sphere and the range of x is 0 < x < ¥ for cases
k = 0, ± 1 and 0 < x < p for the closed case k = 1. For later use, we
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write the Friedman equation s for the above metric, which give the energy
density . (t) and isotropic pressure p(t) in the preferred comoving observer
with velocity vector
®
u = ¶ / ¶ t,
. = 3
a2, t + k
a2
, . + 3p = ± 6
a , t t
a
, . , t + 3( . + p)
a, t
a
= 0, (34)
where commas indicat e part ial derivat ive. Only two of these three equa-
tions are independent and they are fully equivalent to the Einstein equa-
tions. In fact, the second is Raychaudhuri’ s equat ion (27) for these models.
The energy-momentum tensor takes the form of a perfect ¯ uid, the Weyl
tensor is zero (conformally ¯ at) and the shear, vort icity (22) and accelera-
tion (20) of the ¯ uid velocity vector
®
u vanish (smu = x mu = 0, am = 0). The
expansion takes the simple form h = 3a ,t / a. The possibility of geodesi-
cally complete flrw spacet imes has been analysed in [186] and in wider
generality in [176]. Very recently, a full detailed analysis of geodesics in
flrw spacet imes has been carried out in [182]. Nevertheless, applicat ion
of the general result shown in Proposit ion 2.3 proves that if h(t0 ) > 0 for
some t0 > 0 and . + 3p (= Rmuu
m uu) ³ 0, then a was zero in the ® nite
past (say at t = 0) and h and . are unbounded there. This is a physical
singularity, as the matter quant ities blow up due to (34) . Furthermore,
this singularity is universal , in the sense that it appears at a ® nit e length
along any endless past-directed causal curve. This is why the names `ini-
tial’ or `big-bang’ singularity are used. When talking about `cosmological
singularit ies’ , most people refer to such a type of singularity, even though
there is no just i® cation for such an unfortunate name, as we will see. Of
course, the singularity is not part of the spacetime (the interval I does
not include the value t = 0), but anyway one loosely says that there is a
singularity at t = 0. The characterist ic feature of the missing t = 0 region
is that all possible past -endless causal curves reach it with ® nite length,
so that the spacet ime is not geodesically complete according to De® nit ion
2.4. In physical terms, all possible part icles and photons suddenly appear
at the singularity, out of `nowhere’ . This simple example shows the idea
of what one wishes to consider a singularity : the curvature and physical
quant ities diverge and the physical curves are incomplet e. Unfortunately,
most cases are not so simple.
Exam p le 3 .2 ( F lat sp ace t im es) . The tradit ional Minkowski spacet ime
is the manifold V4 =
4 with line-element
ds
2
= ± dt
2
+ dx
2
+ dy
2
+ dz
2
in Cartesian cordinat es f t, x, y, z g . This spacetime is ¯ at, in the sense
that the Riemann tensor vanishes Rrsm u = 0, and is geodesically com-
plete. In fact , the normal neighbourhood Np of any point p is the whole
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spacet ime. This is the paradigmatic example of what one wishes to be
a singularity -free spacetime: no diverging curvatures and no incomplete
curves. It is well-known that any spacet ime with vanishing Riemann ten-
sor has locally the metric above [65,187], but the global propert ies can
certainly change providing relevant new examples. For example, consider
the manifold V4 =
4 ± f O g , where O stands for the origin in Cartesian
coordinat es, with the above metric. The curvature is st ill trivial, but now
many geodesics and other curves are incomplet e. It may seem obvious
that this is rather an avoidable problem, as the spacet ime can be extended
to a larger one including the cut out point and making it complete. Nev-
ertheless, this is not clear in general for a) the extension may not be so
obvious, is not unique and in some cases may lead to other singularit ies,
b) sometimes there are incomplete curves and no regular extension, and c)
physical arguments may require the avoidance of new unphysical regions
which appear in the possible extensions.
As an easy example of a), take the manifold V4 =
4 ± B1 , where B1 is
the solid unit 3-sphere centered at the origin given by (15) . Again the new
spacet ime is geodesically incomplete, and there is a trivial extension which
makes it complete. But there are other `unfortunate’ extensions, such as
the one de® ned by imbedding 4 ± B1 into 4 by means of (t 9 , x 9 , y 9 , z 9 ) =
(R ± 1)( t, x, y, z ) with R2 º t2 + x2 + y2 + z2 (see Ref. 190) . The whole
`missing’ 3-sphere has been mapped to a single missing point , and the
metric can be seen to be ¯ at everywhere except at the origin in which it
has a singularity. One may be tempted to discard this second extension
because of the singularity in the metric component s, but this is not a good
reason in general, as in most physical cases the extensions lead to the
appearance of singularit ies. More interesting cases with these problems
are treated in Example 3.3. For the time being let us remark that these
unfortunate extensions, which do not add any boundary regular point , are
examples of what we will call singular extensions. On the other hand, as an
example of b) take Minkowski spacet ime and ident ify the region y ± a x = 0,
x > 0 with the symmetric region y + a x = 0, x > 0 in the natural way
(cutting out the part between these two ident i® ed hyperplane s) for some
posit ive constant a. At each 2-plane with t, z constants, this produces a
cone with vertex at x = y = 0 so that the new spacet ime is geodesically
incomplet e but with vanishing Riemann tensor. However, there are no
possible regular extensions now (see the very interesting discussions in
Refs. 71,179) . In other words, all possible extensions are singular. The
metric in cylindrical coordinat es f t, r, u , z g reads
ds
2
= ± dt
2
+ dr
2
+ r
2
d u
2
+ dz
2
(35)
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with r > 0 and ( u + arctan a) ident i® ed with ( u ± arctan a). Singularit ies
of this type are called conical. Their main problem is that the elementary
¯ atness condit ion does not hold at the would-be axis (see e.g. Ref. 142)
and they are supposed to describe some physical situat ions of interest.
For instance, the above example is usually considered as the spacet ime
of a cosmic string (see, e.g. Refs. 230± 232, and for a more mathematical
treatment Ref. 49) . All in all, ® nite curvature can certainly happen in some
good candidat es for singularit ies. A much more problematic geodesically
incomplet e spacet ime with regular curvature is given by Misner± Taub±
nut -like metrics; see Example 3.4. Finally, for c) see the next example.
Exam p le 3.3 ( Schw arzsch ild ) . Schwarzschild spacet ime [188] is locally
the unique spherically symmetric vacuum solut ion of Einstein’ s equat ions.
The manifold is taken usually as that part of 4 with x2 + y2 + z 2 > 2M .
In typical spherical coordinat es f t, r, q , u g the line-element reads
ds
2
= ± 1 ±
2M
r
dt
2
+ 1 ±
2M
r
- 1
dr
2
+ r
2
(d q 2 + sin2 q d u 2 )
and M can be int erpreted as the total mass-energy of the spacet ime
[123,128,149,241 ], which is supposed to describe the gravitational ® eld out-
side a ® nite spherically symmetric body. It is a simple exercise to see that
there are incomplet e geodesics approaching the region r = 2M . For exam-
ple, the f-d null geodesics c with a ne parameter t given by constants q
and u with
t = c
0
(t ) = t0 + t ± 2M log 1 ±
t
r0 ± 2M
, r = c
1
(t ) = r0 ± t ,
start at any point (t0 , r0 , q 0 , u 0 ) for t = 0 and have a ne parameters
constrained to values t < r0 ± 2M , even though they are endless. All
other geodesics approaching r = 2M are incomplete too. The curvature
tensor is well-behaved at values of r close to 2M . Actually, the curvature
invariant Rm ursR
murs is proport ional to M 2 / r 6 . Thus, the situat ion is
as before Ð no curvature problem but incomplete geodesics Ð and one
can try to perform extensions. The quest ion is that there is a variety
of such extensions at hand, and one should decide the matter contents
of the extended part and the new manifold. Some commonly accepted
vacuum extensions are those found by Eddington± Finkelst ein and Kruskal
(see e.g. Refs. 107,149) . In the ® rst case the new manifold may be taken
as £ 3 ± f O g with primed spherical coordinat es and the imbedding of
-+
i -
i +
i 0
-
+
i -
i +
i 0
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F igu r e 1 . T his is the Penrose conformal diagram of the Kruskal ex tension of Schwarz-
schild spacet ime [163]. T he convent ions are standard (see Ref. 107) : each point in the
diagram represent s a 2-sphere, the future direct ion is upwards, null lines are at 45± ;
conformal in® nity is represent ed by i± (future and past timelike) , i 0 ( spacel ike) and
± ( future and past null) . Sometimes the event horizon is denoted by EH. In this case
it corresp onds to r = 2M , which are null hypersurfaces. Singularit ies are denoted by
either thick solid lines or zig-zagging lines. In this case, there appear two singularities
( r = 0), one in the future and one in the past . Half of this picture ( say to the right
of each of the diagonals) represent s the Penrose diagram of the Eddington ± Finkelstein
ext ensions (advanced and ret arded) . The right `square’ with vert ices at the centre, i+ ,
i ± and i 0 is the diagram of the original Schawarzsch ild spacet ime, so that we can see
that the null geodesics reach r = 2M in ® nite a ne paramet er. This square is asymp-
tot ically ¯ at and no part icle living here for ever can receive any informat ion from the
blach hole region. There appears an other symmet ric asymptot ically ¯ at region to the
left . If the mat ter creat ing the Schwarzsch ild ® eld is taken into account this second
asym ptotically ¯ at region and the singularity in the past disappear (see Fig. 2) .
the original Schwarzschild spacet ime is given by r 9 = r , q 9 = q , u 9 = u
and
t 9 = t ± r ± 2M log
r
2M
± 1
(each sign gives an extension, called advanced and retarded, respectively) .
However, in the new region r 9 < 2M the coordinat e r 9 is timelike, the
coordinat e t 9 is spacelike, and the border r 9 = 2M is a null hypersurface
called the horizon. Furthermore, the problems part ially remain, as there
are still incomplete geodesics, in this case of two types: those approaching
values of r 9 ® 0 and those near values of t 9 ® ± ¥ . In the ® rst case the
curvature becomes unbounded when r 9 ® 0 so that this seems a singularity
with no possible extension. In the second case the Riemann tensor is again
regular when t 9 ® ± ¥ and thus one can try to ® nd a bigger extension.
The Kruskal extension achieves this and maintains the previous extension
as a subextension by combining two Eddington± Finkelst ein spacet imes in
an appropriat e way. The price is that the manifold acquires strange topo-
logical propert ies [149] and there appear a new asymptotically ¯ at region
-+
i -
i +
i 0
S
i +
+
-
i -
i 0
S
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not causally relat ed with the init ial one, a new singularity and no pos-
sible further extension. This is better understood through the Penrose
conformal diagram [163] of the Kruskal extension (Figure 1). Of course,
all this can be avoided by matching Schwarzschild with an appropriat e
int erior solut ion (see Figure 2), but even in this case it seems that the
appearance of part of the Eddington± Finkelst ein extension can be realist ic
in collapsing stars or black holes. Also, the singularity `at ’ r 9 = 0 in both
extensions is not what one expects naively. It has nothing to do with `a
point at the centre’ , but rather is in the future of observers entering into
the r 9 < 2M region. Consequent ly, a possible traveller could enter into
the region, never stop seeing the star which creates the gravitational ® eld
and nonetheless suddenly disappear in the future singularity. This rather
strange possibility is accepted today as the predict ion of classical relat ivity
for compact collapsed ob jects.
Figu re 2 . If a part of the vacuum Schwarzschi ld spacet ime is mat ched with an appro-
priat e interior met ric which is regu lar at the cent re r = 0 and such that the matching
hypersurface S is t imelike going from i ± to i+ [case (a) ], then there are no incomplete
curves and no singularit ies. T he shadowed zone represent s the interior ob ject . However,
if the mat ching hypersurface reaches the value r = 2M then it can cross this horizon
and creat e a black hole region with a future singularity [case (b) ]. T herefore, this part of
the Eddington ± Finkelstein ex tension may be realist ic. Not ice that an ext ernal observer
living in the aymptot ically ¯ at region will receive information on ly from the ob ject be-
fore it collapses to the black hole. However, if any part icle ent ers into this region, then
it sees the star all along unt il suddendly it hits the future singularity and disappears.
Other similar extensions, non-analyt ical and with matter, are also
possible (see for instance Example 4.3 and subsect ion 7.9) . A completely
diŒerent one worth mentioning is analogous to that given in Example 3.2
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when the solid 3-sphere was cut out. Take Schwarzschild spacet ime and
imbed it into £ 3 ± f O g by means of Ät = t, Är = r ± 2M , Äq = q and
Äu = u . Now one can look at Är = 0 as a point at each instant of time. The
line-element becomes (see also Ref. 63)
ds
2
= ±
Är
Är + 2M
d Ät
2
+
Är + 2M
Är
d Är
2
+ ( Är + 2M )
2
(d Äq 2 + sin2 Äq d Äu 2 )
and has a singularity at the line Är = 0 Ð this is a singular extension Ð
similar to the conical one of the string in Example 3.2, and which is not
noticeable by inspect ion of the Riemann tensor. Of course, this resem-
bles what one expects to be the singularity of a point -like part icle, al-
though it may lead to problems when considering the collapse of some
stars. Whether or not values of r < 2M can be reached by physical ob-
jects is debatable (see Sect ion 7, Ref. 141, and references therein) . Of
course, the above construction is not accepted by the majority of the rel-
ativist ic community nowadays. Nevertheless, it has been cleverly argued
by several authors that something of this type may be the correct inter-
pretation (in fact, this is Schwarzschild ’ s original interpretation) . I refer
the reader to [1± 3,160], and to the papers [16,63,114] where the point -like
structure of the r = 2M region in the Schwarzschild spacet ime has been
claimed from quite diŒerent point s of view.
In summary, one faces the following problem: in the vacuum spheri-
cally symmetric spacetime, either the singularity is spacelike, noticeable by
the Riemann tensor and in the future of the observers and of the star itself,
or it is a conical-type singularity not allowing for spheres with area less
than 2M , hence not allowing for collapses which seem reasonable. Neither
of the two possibilit ies is satisfactory and, in my opinion, the problem is
related to the necessity of giving a consistent theory of a singular axis of
symmetry [144]. Thus, not even in the simple case of the Schwarzschild
spacet ime are the de® nit ion and propert ies of the singularity clear.
Exam p le 3 .4 (M isn e r) . Here we brie¯ y consider a simple example due
to Misner [146] which mimics most unusual propert ies of the Taub± nut
vacuum spacetime (see, e.g. Ref. 107) . The manifold is V4 =
3
+ £ S1 ,
where 3+ is the upper half of
3 , with coordinat es f t, x, y, w g and the
line-element is
ds
2
= ± t - 1dt2 + dx2 + dy2 + tdw 2 .
Take the null geodesics parametrized by a ne t with x = x0 , y = y0 ,
t = t0 + t and w = w 0 ± log( 1 + t / t0 ). Obviously, all these geodesics are
incomplet e and they spiral around into the past without ever reaching t =
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± t0 , corresponding to t ® 0. The Riemann tensor vanishes everywhere
again. Take then an extension to the whole of 3 £ S 1 with coordinat es
f t 9 , x 9 , y 9 , w 9 g so that the imbedding of the original V4 is t 9 = t, x 9 = x,
y 9 = y and w 9 = w ± log t Ð actually, two diŒerent extensions, one for each
sign. The line-element of the extensions is
ds
2
= ¨2dt dw 9 + dx2 + dy2 + t dw 9 2
and half of the previous geodesics (those with the sign corresponding to
that of the extension) are now complete, but the other half are not, as
they spiral around the regular point s t 9 = 0 without ever reaching them
but with total ® nite a ne parameter. Somehow, it seems that a part icle
travelling on this geodesic would tend to many diŒerent point s at some
® nite value of its a ne parameter. Furthermore, the extended metrics are
completely inext endible: there are no possible extensions, neither regular
nor singular . The teaching is therefore twofold: ® rst ly, there are two in-
equivalent analytical extensions for the original spacetime; and secondly,
there can be incomplet e causal geodesics in regular completely inextendible
spacet imes. Incidentally, let us remark that the extended spacet imes vi-
olate the chronology condit ion so that there appear imprisoned geodesics
in the sense of Proposit ion 2.21. I shall consider any of the two extended
spacet imes as non-singular, in agreement with [190], even though there are
incomplet e geodesics. Compare with [107], where a complet e study of this
behaviour is performed.
Hitherto, the cases with regular curvature but incomplete geodesics
have been considered. But there is also the opposite possibility, that is,
non-regular curvature component s but complete geodesics. Of course, this
may happen when the problem lies in a bad choice of basis for comput-
ing the component s. Therefore, the logical thing is to consider curvature
invariant s such as R , RmuR
mu , RmursR
murs , etcetera. Unfortunately, this
does not characterize all possible cases that may be considered as singu-
larit ies, as shown by plane waves [8,21,62,100,123 ,161] which have all cur-
vature invariant s vanishing but non-zero Riemann tensor. This happens
for Petrov type N and III [15,123,168] vacuum solut ions. In these cases
there may be problems with the curvature which must be detected in an
appropriat e basis. The correct thing to do is to use orthonormal bases
parallelly propagat ed along a curve, because the curvature component s in
these bases cannot be badly behaved as long as the curve has endpoint s.
With all these examples and ideas at hand, we can try to give a sensible
de® nit ion of singular spacet ime and singularity. Two essent ial ingredient s
are needed, extensions and incomplete curves. Let us start with the ® rst
[190] ( F * denotes the pull-back of a map F of manifolds; Refs. 41,107) .
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De ® n it ion 3 .1 . An envelopment of the spacet ime (V4 ,g) is an imbedding
F of V4 into another connect ed manifold ^V4 with F (V4 ) Ì ^V4 . Let ^¶ V4
be the boundary of F (V4 ) in any given envelopment ^V4 . An extension of
(V4 ,g) is any spacet ime (V^4 , g^) with V^4 as base manifold and such that
( F - 1 )*g= g^j F (V4 ) . It is called a Ck regular extension if the metric g^ is Ck
at ^¶ V4 . Otherwise, if the metric g^ is not C 1 at ^¶ V4 , or if the envelopment
has no g^ well-de® ned at ^¶ V4 , the extension is called singular.
This de® nit ion may seem more complicat ed than necessary. However, it
is needed if all cases appearing in the above examples are to be covered.
Thus, the extension of ¯ at spacetime without a point to the whole Min-
kowski spacetime is C ¥ regular, but only ^¶ V4 is added (a point ). The
singular extensions are included because they may be needed on physical
grounds. An example was given by the non-standard extension of Schwarz-
schild of Example 3.3. And there are many other cases: for instance, any
axially symmetric metric with a singular axis needs the concept of singular
extension. It might be argued that the existence of incomplete curves will
do the job just the same in these cases, but the exceptional Example 3.4
proves that this is not so. In this case, the incomplete geodesics do not
signal any `missing point s’ as there cannot be any. Somehow, the mani-
fold by it self Ð without the metric Ð is complete (it cannot be properly
imbedded as an open set into any other spacet ime), and thus the notion
of singularity has no meaning [190]. Finally, let us remark that the con-
cept of singular extension allows one to add the `singular point s’ to the
envelopment V^4 , as for instance the big-bang singularity of Example 3.1,
and also the point s `at in® nity’ , even though some diŒerent interpretations
may arise for the added point s depending on the extension. In fact, most
Penrose conformal diagrams can be thought of as singular extensions.
Of course, extensions are not unique. Not even analyt ical extensions
are unique as already seen in Example 3.4. In fact, there are usually
in® nitely many inequivalent extensions of a given extendible spacet ime.
Some of them may be singular, some other may be C k regular for some
k but leading to other extendible spacet imes with either only singular
extensions or regular ones, and so on. This is a fundamental problem from
the physical point of view, because if there is an extendible spacet ime
such that one suspects that the extension may have physical relevance,
this extension has to be invented , and the matter content , the symmetry
group, the Petrov type, and all other physical propert ies may be given
ad hoc . Even if maintaining the same type of energy-momentum tensor,
symmetry group, etcetera, the extended spacet imes cannot be guessed.
The next is an illust rative example of physical relevance [75].
i 0
-
+
i +
i -
¥
- ¥
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Exam p le 3 .5 (Vaid ya) . The Vaidya spacetime [225,226] is the unique
spherically symmetric solut ion to Einst ein’ s equat ions for a pure radiat ion
energy-momentum tensor. The manifold is 4 ± f O g and its line-element
is given by
ds
2
= ± 1 ±
2M (t)
r
dt
2
+ 2e dt dr + r
2
(d q 2 + sin2 hd u 2 ),
where the mass funct ion M (t) is assumed to be non-negat ive. If M ( t)
is a constant, we obtain the retarded (e = ± 1) or advanced (e = 1)
Eddington± Finkelst ein extensions seen in Example 3.3. Penrose’ s con-
formal diagram for e = ± 1 is shown in Figure 3. As can be seen, radial
ingoing null geodesics are incomplete, as they reach the future event hori-
zon r = 2M (t ® ¥ ) for a ® nite value of their a ne parameter. There
is no problem with the curvature unless at r = 0, so extensions may be
sought .
Figu re 3 . T his is the conformal diagram of Vaidya’ s spacet ime in the case that M ( t)
is a decreasing function of t . There appears an apparent horizon AH (see Example
4.2) which is spacelike and dev iates from the EH. Null geodesics are incomplete to the
future as they approach the future event horizon FEH with ® nite a ne paramet er. This
met ric is therefore ex tendible through FEH. T here is a curvat ure singularity at r = 0.
The way to extend this metric can be seen in [75] and references
therein. The important point s are: ® rst of all, the type of energy-momen-
tum tensor beyond the horizon must be speci® ed. A possible natural choice
is to keep the same form of the unextended spacet ime, including vacuum
as a part icular case. Second, one can also demand the ful® lment of WEC
or DEC. With these assumptions, the remaining task is ® nding a mass
i 0
-
+
i +
i -
i +
i 0
i -
+
-
i 0
-
+
i +
i -
i +
i 0
i -
+
-
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F ig u r e 4 ( a) .
F igu r e 4 ( b ) .
F igu r e 4 . Consider the case that M ( t) arrives at FEH with all derivat ives vanish ing.
Then, the AH becomes null there. Two completely diŒerent but quite logical ex tensions
can then be performed. In the ® rst one (a) , the ext ended part is simply the Eddington ±
Finkelst ein ex tension of Schwarzschi ld spacet ime, so that M = const. throughout the
ext ended region and the AH becomes null and coincides with EH there. In the second
case, the mass M ( t) behaves in a time-symmet rical way with respect to the horizon, so
that the ex tended region is a t ime-reversal copy of the original spacet ime.
funct ion which extends M (t) beyond the horizon. Unfortunately,5 even
with all these restrictions there are in® nite possible prolongat ions for the
mass funct ion. The analyt ical continuat ion must be given up for this case,
5 This is unfortunat e becau se the ex tension is not de® ned, but it is cert ainly fortunat e
from the physical point of view, for it allows to describe the many feasible diŒerent
behaviours of M . In case the ex tension were unique, the physics would be very dull.
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as argued in [75], where the following example can be found. Imagine
that M (t) arrives at the horizon with all derivat ives vanishing. Then,
two quite diŒerent continuat ions would be, for instance, the one with M
constant in all the extended part , and the one which is ª symmetricº with
respect to the horizon. Both extensions satisfy DEC and give C ¥ mass
funct ions, but they provide completely diŒerent physical spacet imes. The
Penrose conformal diagrams for both inequivalent cases are presented in
Figure 4. In the ® rst case, the metric becomes the Eddington± Finkelst ein
extension of Schwarzschild beyond the horizon, while in the second case
the radiat ion of null part icles goes on after crossing it. The quest ion of
which is the `correct ’ extension has no meaning whatsoever, unless further
information is at hand.
Sometimes, the diŒerent concept of local extension has been also used
[12,42,71,107]. However, I shall not consider it here because even Min-
kowski spacet ime is locally extendible [12]. Local extendibility may be of
int erest in understanding conical singularit ies [42,71].
Let us pass to the analysis of incomplete curves. The existence of
incomplet e curves may indicat e either the existence of a singularity or the
possibility of an extension (or none; see Example 3.4) . Intuit ion leads one
to think that if a spacet ime is timelike geodesically incomplet e (say) , then
it will also be null and spacelike geodesically incomplet e. Unfortunately,
this is not the case as shown by the maximal extension of the Reissner±
Nordstr Èom solut ion [107]; other examples can be seen in [11,88]. Actually,
all three types of geodesic completeness are independent and inequivalent .
However, one may try to think the other way round, and intuit ion again
says that if the spacet ime is geodesically complete in all three senses, then
there cannot be timelike curves (say) which are incomplet e. Well, wrong
again. There is a celebrat ed example by Geroch [90] of a geodesically
complete spacetime containing an endless timelike curve of bounded accel-
erat ion and ® nite total proper time (17) . No doubt , a part icle travelling
along this path has the same right to say it runs into a singularity as freely
falling part icles have. Even more, Beem [11] has constructed an example
of a geodesically complete globally hyperbolic spacetime containing such
incomplet e curves with bounded accelerat ion. Thus, the sensible thing
to do is to consider incompleteness of every possible endless curve as in-
dicat ion of a singularity. Nevertheless, in general there is no concept of
proper time or a ne parameter, and hence the de® nit ion of incomplete
general curves is not clear yet . As an example, consider the curve c de-
® ned by t = c 0 (u ) = u , x = c 1 (u) = sin u , c 2 = c 3 = 0 in Minkowski
spacet ime, whose tangent vector is
®
u = ¶ t j c + cos u ¶ x j c . This curve is
obviously t imelike everywhere except at the point s with u = kp for any
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int eger k, so that the concept of a ne parameter (17) is not well-de® ned.
This is solved by taking a completely general a ne parameter as follows
(see e.g. Refs. 46,184) . Let c be any C 1 curve parametrized by u and let
p 2 c . Choose any orthonormal basis f ®em g parallelly propagat ed along c .
Let v m (u ) be the component s of the tangent vector
®
v j c in this basis. The
generalized a ne parameter t is de® ned by
t º
u
u p
d muvm vu du (36)
where d º diag (1, 1, 1, 1). Evident ly, t depends on the init ial condit ions
for the basis (chosen at p, say) . But the important property is that t
relat ive to a basis f ®em g is ® nite at any point in c if and only if any other
generalized a ne parameter relat ive to another basis is also ® nite [107,184].
Analougously to De® nit ion 2.4 we have
De ® n it ion 3 .2 . A C1 endless curve from p 2 V4 is complete if the gen-
eralized a ne parameters are de® ned for all t 2 [0, ¥ ). A spacet ime is
b-complete at p if all C 1 curves emanat ing from p are complete. A space-
time is b-complete if it is so for all p 2 V4 .
Naturally, b-completeness implies that all timelike curves with bounded
accelerat ion are complete, which in turn implies timelike geodesic com-
pleteness. The relat ion between incomplet eness and extensions is part ially
given by the next result .
P rop osit ion 3 .1 . If the spacet ime is timelike, or null, or spacelike geodesi-
cally complete then it has no possible regular extension.
Proof. Suppose there were a C1 extension. Then there would be a non-
empty boundary ^¶ V4 at which the extended metric g^ is C1 . The geodesics
starting at some point p 2 F (V4 ) and approaching ^¶ V4 would have bounded
a ne parameters. But this is impossible as F is an isometry between V4
and F (V4 ) and thus leaves a nely parametrized geodesics invariant .
Corolla ry 3 .1 . If the spacet ime is b-complete, then it has no regular
extension.
Hence, if a spacet ime is b-complete, the only possible extensions are singu-
lar, and they on ly add point s at in® nity. These points, unreachable by any
geodesic, are not to be considered singularit ies. The converse of Proposi-
tion 3.1 is not true, as already explained. Now a de® nit ion of singularity
can be given.
De ® n it ion 3 .3 . A singularity of (V4 ,g) relat ive to a singular extension
is the endpoint in V^4 of a curve incomplete within (V4 , g). A spacet ime is
singularity -free if it has no singularit ies.
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The de® nit ion of singularity depends on the extension. There is no other
possibility, because singular point s are not part of the spacet ime. Thus,
a candidat e for singularity may be a singularity relat ive to one extension,
and a regular point of an alternative regular extension. For example, the
horizon r = 2M is regular in the Kruskal extension, and a singularity in
the singular extension of Example 3.3. This kind of singularity has been
called removable in [190], as one can always choose the regular extension.
Nonetheless, a removable singularity does not have to be necessarily re-
moved on physical grounds, as argued before with the singular axes and
the Example 3.3. Other possible examples of physical int erest are those
spacet imes with Cauchy horizons, such as Reissner± Nordstr Èom or similar
(see e.g. Refs. 29,107,140 and references therein) . For, if one looks at
the Cauchy development int D (S ) of an asymptotically ¯ at hypersurface
S as the spacet ime, then there are incomplet e timelike and null geodesics
ending at the Cauchy horizon H (S ). Of course, one can make the typ-
ical regular extension beyond H (S ), but it has been claimed repeatedly
that H (S ) is unstable against all possible realist ic perturbat ions (see, e.g.,
Refs. 38,102,103,217, 245) . Further, the extension usually needs a change
in the topology of the spacet ime Ð this is in fact necessary for completely
regular extensions [29]. Thus, perhaps what should be done is to perform
simply a singular extension making the whole of H (S ) a null singularity.
Actually, it has been recently claimed that this may be the generic picture
for realist ic spacet imes [156].
A non-removable singularity is called an essential singularity. On the
other hand, notice that if the spacet ime is b-complete, then it has no
singularity. Similarly, if the spacetime has no singular extension, or if
it does but only adding points at in® nity, then there are no singularit ies
either. Consequent ly, Example 3.4 is geodesically incomplete but without
singularit ies. As a matter of fact
P rop osit ion 3 .2 . Any compact spacet ime is singularity -free.
Proof. A compact spacetime has no envelopment , because F (V4 ) would
be a compact open proper subset of V^4 , which is impossible for connected
^V4 .
Of course, we already know that compact spacet imes have lit t le phys-
ical interest due to Proposit ion 2.19. Nevertheless, they illust rate the fact
that there can be b-incomplete singularity -free spacet imes, as in the case
of Example 3.4. In fact, this example can be modi® ed to construct a truly
compact spacet ime with incomplete geodesics (see Refs. 146,179) .
In any case, the existence of an incomplete endless curve is necessary
for the existence of singularit ies. Thus, assume that there is an incomplete
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curve c and choose any of their generalized a ne parameters t . Obviously,
there is a minimum value t^ of t such that t 2 [0, t^ ). The quest ion of the
behaviour of the curvature approaching the singularity along c acquires a
precise meaning: take the pertinent function F and simply compute the
limit of F j c when t ® t^ . This has led to the standard classi® cation of
singularit ies described in [71].6
De ® n it ion 3 .4. The essential singularit ies of a spacet ime can be classi® ed
as follows:
(i) Ck quasi-regula r singularit ies if all the component s of the k-th co-
variant derivat ive of the Riemann tensor comput ed with respect to
a parallelly propagat ed orthonormal basis are locally bounded when
approaching the singularity along any incomplet e curve.
(ii) Ck non-scalar curvature singularit ies if they are not C k quasi-regular
but all the scalar curvature invariant s remain well-behaved when ap-
proaching the singularity.
(iii) Ck scalar curvature singularit ies otherwise.
The conical singularity of the cosmic string in Example 3.2 is quasi-regular ,
while the singularity in the flrw models of Example 3.1 is scalar. The
quasi-regular singularit ies can be further subclassi® ed into specialized,
primeval and holes [122,220], and the quest ion of their stability has been
addressed several times [71,121,122]. Further, it has been shown that there
is always a local extension making them locally removable [42]. The non-
quasi-regular singularit ies are called matter singularit ies if the problem
arises with some component of the Ricci tensor. If the problem appears
for some component of the Weyl tensor but not for the Ricci tensor they
are called Weyl or pure gravitation al singularit ies. Examples of non-scalar
singularit ies are explicit ly presented in [50,68,71,110,1 19,199]. Their insta-
bility against generic matter perturbat ions has been claimed in [110,119].
In the scalar singularit ies, there is a curvature scalar Ð polynom ial scalar
constructed with the Riemann tensor, the volume 4-form, the metric and
the covariant derivat ives Ð which behaves badly when approaching the
singularity. It has been shown that, in fact, a singularity is of scalar type
iŒthere are badly-b ehaved curvature component s in every orthonormal
tetrad along the incomplete curve [201]. However, the scalar singularit ies
can be directional singularit ies, in the sense that the diverging curvature
scalar may remain locally bounded for some direct ions of approach. The
6 Here, I shall not ent er into the important sub ject of naked sin gu lar ities and the related
problem of cosmic censorship [164,166] ( see, e.g., Refs. 47,116,220 and references
therein) .
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paradigmatic example of a direct ional scalar singularity is that of the Cur-
zon metric (see e.g. Refs. 123,189) , as was ® rst not iced in [87]. It was
soon claimed [203] that this type of behaviour is due to the non-point -
like nature of the singularity, and that the singularity appeared not along
some `direct ions’ of approach but rather along some trajectories, that is,
along some incomplet e curve [52]. Other singularit ies of this type were
considered in [111]. A thorough analysis of the diŒerent trajectories and
the possible extensions of Curzon’ s spacetime was given in [189], and the
direct ional singularity was ® nally interpreted as a ring.
This leads to the fundamental quest ion: is there any way to de® ne
local propert ies Ð shape, character, strength, etcetera Ð of singularit ies?
There have been several constructions trying to solve this quest ion, all of
them attaching a boundary to the spacet ime. We summarize them brie¯ y
now (see Ref. 179) . The causal boundary (c-boundary) was put forward
in [94] by using some open future sets (De® nit ion 2.14) . The idea is that ,
for any point p 2 V4 , I + (p) is a future set not decomposable into proper
open future subsets. However, there are other future sets with these prop-
erties which are not the chronological future of any point . It can be proven
that such sets are the chronological future of a past -endless t imelike curve.
Thus, they somehow signal singularit ies or point s at in® nity. The set of all
indecomposable past and future sets can be thought of as containing all
point s in V4 plus the c-boundary (see also Ref. 107) . Somewhat diŒerently,
Geroch introduced the geodesic boundary (g-boundary) by constructing
equivalence classes of endless incomplete geodesics and a not ion of prox-
imity between them [89]. Unfortunately, the g-boundary is not determined
in general and does not consider non-geodesic curves so that it cannot con-
tain all singularit ies. Sometimes, the g-boundary can be given a metric
structure and thus some local properties of certain singularit ies are de® ned.
The most complete structures are the bundle-boundary (b-boundary) due
to Schmidt [184,185], and the abstract boundary (a-boundary) recently
put forward in [190]. The b-boundary uses the frame bundle of V4 with
a Riemannian metric and provides a correspondence between incomplete
curves in V4 and incomplete curves in the metric sense in the frame bundle.
The di cult ies for applying this construction are tremendous and the b-
boundary has been explicit ly calculat ed only in very simple idealized cases
[33,115,220], not always with the expected result . An important attempt
to overcome all these di cult ies is the a-boundary, which in fact is de® ned
for any manifold independently of being a spacet ime or even having a con-
nection. Essentially, the a-boundary collects all possible boundary point s
arising in all the envelopment s of a given manifold. In the case of space-
times, the boundary point s can be classi® ed by using appropriat e families
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of curves with de® nite propert ies (such as geodesics or others), leading to
(possibly direct ional) singularit ies, point s at in® nity, and some other cases
[190].
Regarding the `strength’ of a singularity, obviously this can only be
meaningful for non-quasi-regu lar singularit ies. The singularity theorems of
Section 5 predict the existence of incomplet e causal geodesics, and some-
times they say something about their locat ion and strength (see Section
5). Finally, with respect to the character of the singularity, most simple
known cases are termed `spacelike’ , `null’ , or t`imelike’ relying only on intu-
ition. No-one doubt s that the singularity in the Kruskal extension (Fig. 1)
is spacelike, but making this precise in general is rather di cult . For the
purposes of this work, the following tentative de® nit ion is to be used. This
may not cover all cases and is admit tedly vague, but it will be enough for
us.
De ® n it ion 3 .5 . A set S Í ^¶ V4 relat ive to a singular extension is said to
be spacelike (resp. null, timelike, general, achronal, acausal, k-dimensional,
etcetera) if there is a metric Äg preserving the relevant properties of g such
that S is spacelike (resp. null, . . . ) in (V^4 , Äg) .
This de® nit ion tries to incorporat e the intuit ive ideas behind the charac-
ter of singularit ies and is reminiscent of the Penrose conformal diagrams
[163]. By `relevant propert ies of g’ is meant those propert ies which must be
kept concerning the characteristic one whishes to assign to the singularity
(usually this will include causal propert ies). The most common and best-
founded situat ion is when Äg is conformally related to g, because the causal
structure is invariant by conformal transformations of the metric. Further-
more, the de® nit ion can be applied to point s at in® nity appearing in ^¶ V4 .
In this way, the tradit ional timelike i± , spacelike i 0 , or null ± in® nit ies
[107,149,163] are recovered with their corresponding properties. In gen-
eral, the incomplet e geodesics predicted by the singularity theorems have
no de® nit e propert ies, so that one does not know whether the singularity
is in the past or the future, or if it is spacelike in the cosmological models,
or whether is a matter singularity or not, scalar or not , etcetera. This is
important regarding the possible cosmological singularity, which is usually
expected to be universal, spacelike and at least in the past . For example, if
the singularity is timelike, then it can be avoided and perhaps not seen by
most observers, so that it would be a very mild breakdown. In fact, many
known examples do not satisfy the desired propert ies and explicit space-
times with all possibilit ies are explicit ly known [50,68,124,178,19 8,199,204].
Regarding the types of black-hole singularit ies, no de® nite expectation ex-
ists yet. Thus, the quest ion of which type of singularity (if any) is generic
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in cosmological models, including both spat ially homogeneous and inho-
mogeneous, and in collapsed black holes has no answer yet [50,156,194]. I
will come back to this sub ject in Sections 6 and 7.
I have used the name `universal’ singularity in Example 3.1 and the
previous paragraph. The idea is to capture the intuit ive notion of big-
bang singularity, at which everything has its origin. The paradigmatic
example is that of standard flrw models and some homogeneous models
[50,68,147,148]. There have been several studies on this subject from dif-
ferent angles, ranging from the classical papers [18,19] (see also Ref. 9), to
the Penrose conjecture concerning the relat ionship between a hypothetic
entropy of the Universe and the init ial singularity [166,236]. The Weyl
tensor hypothesis assures that the appropriat e thermodynamic boundary
condit ion at cosmological singularit ies is the vanishing of the Weyl tensor.
A milder version only requires that at any cosmological singularity S
lim
x ® S
CmursC
murs
RmuR
mu
= 0
so that matter dominat es at the singularity. Obviously, this is sat is® ed by
the flrw models, in which Cmurs = 0 throughout the spacet ime. However,
it has been part ially proved [221,222,154] that for realist ic perfect ¯ uids
with an isotropic singularity the Weyl tensor hypothesis only allows for
flrw models. The concept of isotropic singularity was precisely de® ned
in [98,237], and essentially requires that the singularity be spacelike in
a singular extension with an appropriat e conformally related metric Äg of
De® nit ion 3.5 (see also Refs. 59,96) . This is also related to the following
de® nit ion, which was put forward elsewhere [195] (see also the very recent
related work, Ref. 5) .
De ® n it ion 3 .6. A singularity set S Í ^¶ V4 relat ive to a singular extension
is called a big-bang (or init ial) singularity if every past-endless causal curve
approaches S at a ® nite generalized a ne parameter.
Big-crunch singularit ies can be de® ned analogously. Here, there is no as-
sumption about the behaviour of the Weyl tensor, but somehow we demand
that the big-bang singularity is a kind of `singular Cauchy hypersurface’
for the spacet ime. Using De® nit ion 3.6, most known big-bang singulari-
ties are spacelike, but this is not a general property and they can change
character sometimes Ð they do not even have to be achronal; see Example
3.7 Ð as explicit examples using the Lemaõ^ tre± Tolman [20,130,223] models
show [124]. They have been further classi® ed according to the behaviour
of the shear eigendirections for perfect or similar ¯ uids into `point -like’ ,
`cigars’ and `pancakes’ [211], and also the term velocity-dom inated is used
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for irrotational models (see Ref. 234) , if the three-spaces orthogonal to
the velocity vector of the ¯ uid have curvature divergences less strong than
that of their second fundamental forms [59]. A good account of the pos-
sible big-bang singularit ies and their propert ies in spherically symmetric
and Szekeres models [209,206,207] can be found in [97,124,204] and refer-
ences therein. To illust rate these point s and De® nit ions 3.5 and 3.6, let us
consider two ® nal examples.
Exam p le 3.6 (N u ll b ig b an gs in FLRW m od els) . Let us consider
the ¯ at (k = 0) flrw models with a barotropic equat ion of state p = c .
for ± 1 < c £ 1. The solut ion of (34) is
a(t) = Ct
2 / ( 3( 1+ c ) )
, C = const. (37)
As always, all past-endless causal curves approach t = 0 with ® nite values
of their generalized a ne parameter. However, some of them do so with
x ® ¥ . Thus, this will not be a big-bang singularity for the singular
extensions which do not cover x = ¥ . One might think naively that the
singularity is always spacelike, though. This is not so for some impor-
tant cases. To see all this, de® ne the tradit ional parametric time [128]
g by means of dg = dt/ a(t) so that the line-element takes the explicit ly
conformally ¯ at form
ds
2
= a
2
(g) [ ± dg
2
+ dx
2
+ x
2
(d q 2 + sin2 q d u 2 ) ].
Obviously, the range of g is as follows: 0 < g < ¥ for c > ± 13 ; ± ¥ <
g < ¥ for c = ± 13 ; and ± ¥ < g < 0 for c < ± 13 . Therefore, by using
now the tradit ional Penrose conformal diagram of Minkowski spacet ime,
the following singular extension is obtained
2g = tan
t^ + r^
2
+ tan
t^ ± r^
2
, 2x = tan
t^ + r^
2
± tan
t^ ± r^
2
,
where the ranges of t^ and r^ ( the coordinat es in ^V4 ) are to be chosen ade-
quately for each case. The three diŒerent cases have been drawn in Figure
5 (see Ref. 76) , and in all three cases t = 0 is a big-bang singularity accord-
ing to De® nit ion 3.6. As we can see, for c £ ± 13 this big-bang singularity
is null. This is related to the fact that there is no part icle horizon in these
flrw , which in turn might seem related to their in¯ ationary charact er for
c < ± 13 ; nonetheless, the extreme case c = ±
1
3 satis® es SEC. Note also
that future null in® nity may also appear as spacelike when c < ± 13 . In
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summary, the big-bang singularit ies may be null, even for flrw models.
Let us remark that DEC holds for all these models.
Of course, we could have tried the naive singular extension by simply
adding t = 0 to the original range of coordinat es. But then t = 0 would be
approached only by timelike geodesics so that past-endless null geodesics,
for instance, will not approach t = 0 because they will do so only for
x = ¥ . For this singular extension t = 0 is not a big-bang singularity
and, furthermore, it still contains incomplet e curves: null geodesics and
timelike curves. The previous singular extension, which is the standard
Penrose diagram , is obviously preferable.
Exam p le 3 .7 (Unu su a l b ig b an gs) . The character and structure of big-
bang singularit ies can be somewhat complicat ed, as the following simple
examples show. Let us use some subclass of a new family of spat ially
inhomogeneous algebraicall y general dust spacet imes recently presented in
[198]. In the ® rst case, the manifold V4 is any connected part of
4 with
sin[a( t ± x)] + e - a ( t+ x ) < 0 in Cartesian coordinat es f t, x, y, z g and for any
constant a /= 0. The line-element reads
ds
2
= ± dt
2
+ dx
2
+ f sin[a(t ± x)] + e - a ( t+ x ) g 2dy2 + e2a ( t - x ) dz 2 .
This is a solut ion of Einstein’ s equat ions for an energy-momentum of dust ,
that is, Tm u = . um uu with unit u = ± dt and it s energy density is
. =
± 4a2 e - a ( t+ x )
sin[a(t ± x)] + e - a ( t+ x )
> 0 .
The expansion of u is
h = a
sin[a(t ± x) ] + cos[a(t ± x) ]
sin[a(t ± x) ] + e - a ( t+ x )
so that all the dust geodesic congruence is init ially expanding and then
recontracts (Figure 6) . Making the natural singular extension to 4 , the
whole boundary ^¶ V4 is sin[a(t ± x)] + e - a ( t+ x ) = 0 and is obviously a
matter singularity. This is a big-bang singularity for a > 0 according to
De® nit ion 3.6, but with three important features: ® rstly, it has a general
character (that is, it is part ly spacelike, part ly timelike and part ly null) .
Secondly, the part of the singularity which is to the future of the dust is in
fact a necessary part of the big-bang singularity, as otherwise there would
be past-endless causal curves not approaching the singularity. And thirdly,
the singularity is not of big-crunch type, for even though all the timelike
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F ig u r e 5 . These are the Penrose diagram s for the ¯ at p = c . flrw spacet imes, with
- 1 < c < 1. For c > - 1/ 3 [case (a) ], t = 0 is a big-bang spacelike singularity. The
apparent horizon Ð see Example 4.2 Ð has been shown here for - 1/ 3 < c < 1/ 3,
in which case it is a timelike hypersurfce. For c = 1/ 3 the AH is a null hypersurface
which can be draw going from the left lower corner to + diagonally. If c > 1/ 3 the
AH is a spacel ike hypersurface and can be shown as a line going from the lower left
corner to i 0 . On the other hand, for c = - 1/ 3 [case (b) ] and c < - 1/ 3 [case (c) ], the
t = 0-singularities are of big-bang typ e but obviously null . In case (c) , + is spacelike.
In both cases (b) and (c) , all the lines of the perfect -¯ uid congruence (x = const .) start
from the bot tom point, but null geodesics and other causal curves can emerge from the
rest of the null singularity.
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F igu r e 6 . T his is a possible diagram for the ® rst spacet ime of Example 3.7 with
a > 0. Here and in Figs. 7, 8, and 9, only the { t, x}-plane is shown, becau se the
whole spacet ime is the product of these with the group orbits. Thus, each point may
be thought to represent a 2-dimensional orbit . T he singularit ies ( thick lines) split the
whole plane into in ® nite disconnect ed regions with positive energy density . . Only one
of those can be considered as the spacet ime. T he arrowed lines indicate the dust ¯ ow
in these regions. T he dotted line represent s the hypersruface where the expansion of
the dust congruence van ishes, and the regions with posit ive and negat ive expansion are
also indicated. The `points’ p1 , q and p2 are t - x = p / a, 3p / 2a and 2p / a , respect ively,
and the singularity is of big-bang typ e but with a general charact er, being spacelike
between p1 and q, null at q and timelike in the rest . The part of the singularity to the
future of the dotted line cannot be avoided by the dust part icles, but it can cert ainly
be avoided by photons and other causal curves. More interest ingly, this future part
is an essen tial part of the big-bang singularity, as otherwise there would be part icles
t ravelling inde® nitely to the past without reaching the singularity. T he case a < 0 is
obtained by invert ing the arrowed lines and the sign of h . T hus, for a < 0 the singularity
is not a big bang but it is a big crunch.
curves of the dust congruence approach the singularity, many f-d causal
curves can avoid it completely. In the case a < 0, the singularity is of
big-crunch type, and even though all the dust originat es at the singular-
ity, there are many past-endless causal curves which do not int ersect the
singularity. All these propert ies are clearly seen in the diagram of Fig. 6.
Consider also the second case in [198]. The line-element is given by
ds
2
= ± dt
2
+ dx
2
+ f Fb(t ± x) + [a(t + x)]b g 2dy2 + [a(t ± x)]2 ( 1 - b) dz 2 ,
where a > 0 and b are constants, and Fb(t ± x) is a function whose ex-
plicit form depends on the value of b, giving the following three diŒerent
S in gu la r i ty T h e or em s an d T h e ir C on se qu e n c e s 7 73
possibilit ies:
Fb(t ± x) =
a(t ± x) f c1 [a(t ± x)]Q + c2 [a(t ± x) ] -Q g
(a) for b 2 (b- , b+ ),
a(t ± x) f c1 ± c2 log[a( t ± x)] g
(b) for b = b± ,
a(t ± x) c1 cos f Q log[a(t ± x)] + c2 g
(c) for b /2 [b- , b+ ],
where 2Q = j (2b+ 1)2 ± 8b2 j , 2b± = (1 ± Ö 2 ), and c1 , c2 are arbit rary
constant s. The dust velocity vector and corresponding energy density are
u =
1
Ö t2 ± x2
( ± t dt + x dx), . = ±
4b(b ± 1) [a(t + x)]b
(t2 ± x2 ) f Fb + [a(t + x)]b g ,
while the expansion of the dust geodesic congruence is
h =
(2 ± b)Fb + 2[a(t + x)]
b + (t ± x) ÇFb
(t2 ± x2 )1 / 2 f Fb + [a( t + x)]b g ,
so that the dust congruence expands init ially and then, either remains ex-
panding forever or recollapses to a future singularity. Choosing always the
natural singular extension and noting that the possible singularit ies may
appear at t ± x = 0, or at t + x = 0, or at Fb(t ± x) + [a( t+ x)]
b = 0, a very
rich variety of possibilit ies arises [198]. Among them, some illust rative
examples are presented here in Figures 7, 8 and 9. In Fig. 7 the big-bang
singularity is null but all the dust congruence only approaches a 2-plane of
the whole null singularity. Anyway, the rest of the singularity is essential
for it to be a big bang. In Fig. 8, the whole singularity is, so to speak,
`closed’ and both of big-bang and big-crunch type. The singularity is gen-
eral, with spacelike, timelike and null subsets. All this is curious enough,
but also the null part is a pure Weyl singularity, the matter quant ities
being regular there. Finally, in Fig. 9 the spacet ime has a big-crunch and
no big-bang, even though all the curves in the dust congruence approach
the singularity to the past . But now, the null part t + x = 0 is completely
regular, so that the spacetime is further extendible to the past . Here, there
even appears the possibility of extending the various disconnect ed space-
times shown in the ® gure and making them part of a single spacet ime.
This example and that of Figure 6 with a < 0 further show that the sin-
gularity predicted by the Raychaudhuri singularity theorem (see Section
5, Theorem 5.1) does not necessarily have to be of the big-bang type. All
in all, once again the intuit ive ideas, in this case about the big bang, are
shaken by some explicit and reasonable examples.
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F ig u r e 7 . Here the notat ion is as in Fig. 6. T he singularity is null everywhere with
a corner. All the dust congruence start s from the corner, but other past -endless causal
curves can hit the rest of the singularity.
F igu r e 8 . Notat ion again as in Fig. 6, and lines marked by p and q stand for the zeros
of F b and its derivat ive, resp ect ively. In this case the singularity `closes over itself ’ and
is of both big-bang and big-crunch type. There is a null part of the singularity which
is avoided by the dust, but from where other part icles em erge. This part is denoted by
a dotted line becau se it is a pure Wey l singularity (the matter quant it ies are regular
there) .
F igu r e 9 . The notat ion is as in Figs. 6 and 8. Only one of the disconnected regions is
the spacet ime. Now, the singularity has a general charact er, but the cont inuous null line
to the left is not an essent ial singularity and the spacet ime can be ex tended across it to
the past . In fact , an ext ension may be seeked which combines the diŒerent disconnected
sets to form part of a single spacet ime. It seem s that a logical past-extension might be
a vacuum plane wave [198]!
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4. TRAPPED SETS, TRAPPED SURFACES AND RELATED
CONCEPTS
Two of the three basic ingredient s for singularity theorems have been
already studied: causality and energy condit ions. In this Section the third
fundamental ingredient , which usually consist s in an appropriat e boundary
or init ial condit ion, is analysed. In general this condit ion tries to express
the fact that some ® n ite region of the space (not spacet ime) is trapped
within it self and nothing can escape from it, at least init ially. To start
with, let us present the concept of a trapped surface.
De ® n it ion 4 .1 . A trapped surface is a spacelike surface S in which the
traces of the two null f-d second fundamental forms have the same sign.
When both traces are negat ive the surface is future trapped, while if they
are posit ive it is past trapped.
The two null f-d second fundamental forms are the second fundamental
forms de® ned in (6) corresponding to the two null f-d normals (4), that is
K ±AB º K AB (k± ) º ± k±m e
u
A Ñ uemB = e
m
B e
u
A Ñ uk±m .
Obviously, under a change of type (5) the two null second fundamental
forms transform as
K
+
AB ± ® K 9 +AB = A2K +AB , K -AB ± ® K 9 -AB = A - 2K -AB .
The traces of the two null second fundamental forms are given by
K ± º c AB K ±AB , (38)
where c AB is the contravariant metric on S , that is to say, the inverse of
the ® rst fundamental form: c AC cC B = d AB . Thus, a spacelike surface is
trapped if and only if the scalar
k º K + K - (39)
is posit ive everywhere on S . From the above it is evident that the scalar k is
invariant under transformat ions (5), so that there is no need to care about
the normalizat ion factor of the null normals. The physical interpretation of
the concept of trapping is simple. As is obvious from (31) and the remarks
preceding it, the scalars (38) are equivalent to the expansions q ± of the
two families of null geodesics which are tangent to
®
k± at S [107]. Hence,
a 2-surface S is trapped if, given the two families of f-d null geodesics
orthogonal to S , both of them are converging or diverging all over S .
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The de® nit ion of trapped surfaces can be slight ly improved by dist in-
guishing between the diŒerent cases that may appear. In fact , sometimes
only the sign of one of the traces is important (see Ref. 107) , because there
may be physical reasons to expect this part icular trace having a de® nite
sign if the `trapping’ does not take place. In these cases, ident ifying the
trace K + (resp. K - ) with the one hoped to be posit ive (resp. negat ive) let
us de® ne a future (+ )-trapped surface as a spacelike surface in which K + is
non-posit ive, and a future ( ± )-trapped surface when K - is non-negat ive.
When there is an intrinsic de® nit ion of outgoing (+ ) and ingoing ( ± ) null
normal forms of S , then the future (+ )-trapped surfaces are called outer
trapped, and the future ( ± )-trapped surfaces are called inner trapped.
Another important possibility is the case of almost trapped surfaces:
De ® n it ion 4 .2 . A marginally (+ )-trapped surface is a spacelike surface S
with the trace K + vanishing. Similarly for marginally ( ± )-trapped surface.
S is absolut ely non-trapped if the scalar k of (39) is negat ive.
Notice that a marginally (± )-trapped surface is an extreme case of a (± )-
trapped surface. For a marginally trapped surface the scalar k vanishes,
while for an absolut ely non-trapped surface, one of traces K ± is strictly
posit ive and the other is strictly negat ive, so that none of them can vanish
anywhere on S . Before proceeding any further, let us see some simple
examples.
Exam p le 4 .1 (Trap p ed su rface s in M in kow ski sp ace t im e ) . Let us
consider Minkowski spacet ime (Example 3.2) and the following spacelike
surfaces. Firstly, take the surface S with imbedding (1)
t = F 0 (u ) = log(cosh (u 3 ) ), x = F 1 (u ) = 0,
y = F 2 (u ) = u2 , z = F 3 (u ) = u 3 ,
so that the ® rst fundamental form (3) is c 22 = 1, c 23 = 0 and c 33 =
cosh - 2 (u 3 ). A straight forward calculat ion leads to the two null f-d normal
one-forms
Ö 2 k± = ( ± cosh (u3 )dt ± dx + sinh(u 3 )dz ) j S ,
the corresponding null second fundamental forms
K ±22 = K
±
23 = 0, Ö 2 K ±33 = cosh - 1 (u 3 ),
and the traces
Ö 2K ± = cosh (u3 ) =) 2 k = cosh 2 (u3 ).
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Thus, this simple surface is past trapped. This part icular surface is non-
compact and extends to in® nity. A trapped surface compact i® ed in one
direct ion can be built in Minkowski as follows. Choose cylindrical coor-
dinat es so that the line-element takes the form (35) but with the usual
2p-periodicity for u . De® ne the imbedding of a surface S as
t = F 0 (u) = log( cosh (u 3 ) ), r = F 1 (u) = r0 ,
u = F 2 (u) = u 2 , z = F 3 (u) = u 3 ,
where r0 is constant. A computation analogous to the previous one leads
to
Ö 2 K ± = cosh (u 3 ) ±
1
r0
=) 2 k = cosh 2 (u 3 ) ± 1
r20
.
Therefore, all these surfaces are past trapped if r0 > 1. Again, these
surfaces are non-compact and extend to in® nity. Looking for a compact
trapped surface in Minkowski spacet ime one readily realizes that there is
going to be trouble. Take, for instance, the simplest case of a 2-sphere,
which can be imbedded as follows:
t = F 0 (u ) = T, x = F 1 (u ) = R sin(u 2 ) cos(u 3 ),
y = F 2 (u ) = R sin(u 2 ) sin(u 3 ), z = F 3 (u ) = R cos(u 3 )
for some constants T, R . A straight foward calculat ion (easier in spherical
coordinat es) provides
Ö 2K ± = ±
1
R
=) 2 k = ± 1
R2
so that the 2-spheres are absolut ely non-t rapped in Minkowski. The idea
here is very simple. If the surface is compact, it seems reasonable that the
outgoin g null geodesics expand while the ingoin g ones must cont ract. In
fact, using this result it can be proved that there is no compact trapped
surface without boundary S in Minkowski. To see it, the homogeneity of
spacet ime can be used, and the fact that S is compact implies that it must
be osculant (bi-tangent ) to some 2-sphere somewhere. At this place, the
surface is non-trapped as can be explicit ly shown [196]. Finally, trivial
examples of marginally trapped surfaces are the 2-planes t = T , x = X for
constant T, X . Here, both traces K ± vanish.
Thus, in Minkowski spacet ime one cannot ® nd a ® nite region in space such
that its future is `contained within a ® nite region’ , so to speak. But this is
the important concept for the development of singularit ies in a spacet ime,
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which was introduced by Penrose [162] in order to show one of the ® rst
modern singularity theorems (see also Ref. 163) . The precise de® nit ion is:
De ® n it ion 4 .3 . A closed trapped surface is a compact without boundary
trapped surface.
Of course, analogously we can also de® ne closed (± )-trapped surfaces
closed marginally trapped surfaces, and closed absolut ely non-t rapped sur-
faces. So far, there has been no need to assume that the surfaces are con-
nected. In fact, this assumption is super¯ uous for our purposes, because
all the de® nit ions of this Sect ion, as well as all the theorems we shall prove
in the next one, apply to each connected component of any surface. Nev-
ertheless, in order to ® x ideas and to avoid unnecessary complicat ions in
the proofs of the theorems, we shall assume from now on that all surfaces
are connected.
Exam p le 4.2 (C lo sed t rap p ed su rface s) . Here we present two typical
examples of closed trapped surfaces. First, let us take the Vaidya metric
(Example 3.5) which, in part icular, includes the Eddington± Finkelst ein
extension of Schwarzschild spacet ime (Example 3.3) for constant M . Take
any 2-sphere imbedded in the spacet ime by means of
t = F 0 (u) = T, r = F 1 (u ) = R, q = F 2 (u ) = u 2 , u = F 3 (u ) = u 3 ,
for constant T, R , so that the ® rst fundamental form is c 22 = R
2 , c 23 = 0
and c 33 = R
2 sin
2
(u 2 ). The two f-d null normal one-forms are obviously
k
+
= ± dt j S , k - = edr ± 1
2
1 ±
2M (T )
R
dt
S
.
A simple calculat ion gives then
K
+
=
2e
R
, K - = ±
e
R
1 ±
2M (T )
R
=) k = ± 2
R2
1 ±
2M (T )
R
.
Therefore, these 2-spheres are trapped iŒR < 2M (T ), and are abso-
lutely non-trapped iŒR > 2M (T ). Notice that , in the case of Eddington±
Finkelst ein metric (M = const.), the region with closed trapped surfaces
is precisely the region added to Schwarzschild with the extension. Further,
the 2-spheres with R = 2M (T ) are marginally trapped, and have K - = 0.
The set of all such marginally trapped 2-spheres const itute a hypersurface
de® ned by r ± 2M (t) = 0. This hypersurface is called the apparent horizon
(AH), and separates the zones with and without closed trapped 2-spheres
[126]. The normal one-form to the AH is n = (dr ± 2M , tdt) j AH , and its
S in gu la r i ty T h e or em s an d T h e ir C on se qu e n c e s 7 79
modulus is g(
®
n ,
®
n ) = 4eM, t j AH , so that the AH is a null hypersurface at
a point p 2 AH iŒM ,t j p = 0. In part icular, in the Eddington± Finkelst ein
case the AH is null and, in fact, it is called the event horizon EH (see
Ref. 107) . In the general case, the AH is a non-t imelike hypersurface iŒ
eM, t £ 0, which is precisely the condit ion such that WEC and DEC are
satis® ed. Hence, for physically realist ic Vaidya metrics the AH is spacelike
or null.
The second example is the flrw spacet ime (Example 3.1) . Take the
2-spheres
t = F 0 (u) = T, x = F 1 (u) = R, q = F 2 (u ) = u 2 , u = F 3 (u ) = u 3 ,
for constants T, R , so that the ® rst fundamental form is c 22 = R
2 , c 23 = 0
and c 33 = R
2 sin
2
(u 2 ) . The two f-d null normal one-forms are Ö 2 k± =
( ± dt ± a(T )dx ) j S and their respectives traces read
Ö 2 K ± =
1
a
a , t ±
S ,x
S S
.
Therefore, these 2-spheres will be trapped if and only if
k = K
+
K - > 0 ( ) a2, t + k ± 1
S 2
> 0 ( ) .
3
a
2
±
1
S 2
> 0,
where in the last equivalence we have used Friedman’ s equat ions (34) .
Thus, S is past trapped for all values of R such that
S (R, k) >
3
. (T )
1
a(T )
,
which is always possible if . > 0 provided that a , t /= 0 and that the
flrw extends that far. The interpretation of this result is simple. Take
any of these trapped 2-spheres. The out- and in-going null congruences
orthogonal to S form new 2-spheres a lit tle time after they leave S . Of
course, the outgoing ones form a 2-sphere with a bigger value of x , and
thus its area is bigger than that of the init ial one if the universe expands
(a , t > 0). The ingoing ones form a new 2-sphere with a smaller value of
x , but as the universe expands its area can st ill be bigger than that of the
init ial one at the initial time . Thus, both new 2-spheres have increased
their area. Again the AH can be de® ned as the hypersurface separat ing
the trapped from the non-trapped 2-spheres. This AH is given now by
. S 2a2 = 3, and therefore its normal one-form is
n = [ ( . a2 ) , tS
2
dt + 2 . a2SS ,x dx ] j AH
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whose modulus is [on using (34) ] 3a2S 2S 2,x ( . + p)( . ± 3p) j AH , so that the
AH in physical flrw models ( . + p > 0) is a timelike, null or spacelike
hypersurface if 3p is less than, equal to or greater than . , respectively.
The import ance of the concept of closed trapped surface rests on the fol-
lowing result [12].
P rop osit ion 4 .1 . If the null convergence condit ion holds and there exists
a closed future (resp. past) trapped surface S , then either E + (S ) [resp.
E - (S )] is compact or the spacet ime is null geodesically incomplete to the
future (resp. past) , or both.
Proof. Assume that (V4 , g) is null geodesically complet e and that S is
future trapped (the past case is ident ical) . Then both traces K ± are
negat ive, which in turn means that the expansions q ± of the null geodesics
emanat ing orthogonally from S are init ially negat ive all over S . Let q M
be the maximum value of q ± at the compact S . By Proposit ions 2.7 and
2.14 it follows that all the null geodesics emanat ing orthogonally from S
enter into I + (S ) at or before a ® nit e a ne parameter £ ± 2/ q M . De® ne
K as the set of point s reached by all these null geodesics from S up to
the a ne parameter ± 2/ q M inclusive, so that K is compact. Evident ly
J + (S ) ± I + (S ) = E + (S ) Í K, so that it is enough to show that E + (S ) is
closed. Let f pn g be an in® nite sequence of points pn 2 E + (S ) and let p be
their accumulat ion point in the compact K. By construction K Ì J + (S ) so
that p 2 J + (S ). If p were in I + (S ), then there would be a neighbourhood
Up of p in I + (S ), which is open [P roposit ion 2.15, point ( i)], and thus there
would be some pn 2 Up Ì I + (S ), which is impossible as pn 2 E + (S ). In
consequence, p 2 J + (S ) ± I + (S ) = E + (S ), proving that E + (S ) Í K is
closed and thus compact .
In a completely analogous manner, by using Proposit ions 2.7 and 2.14
it is easy to prove
P rop osit ion 4 .2 . If the null convergence condit ion holds and there exists
a point p 2 V4 such that the expansion of the f-d null geodesic family
emanat ing from p becomes negat ive along every curve of the family then
either E + (p) is compact or the spacetime is null geodesically incomplete
to the future, or both.
Let us remark that E + (S ) or E + (p) in both previous results may still
be empty, because we have not assumed any causality condit ion. In any
case, this is the idea that one wishes to keep for the general singularity
theorems, that is, sets f such that E + (f) or E - (f) are compact. The
precise de® nit ion is [108]:
De ® n it ion 4 .4 . A non-empty achronal set f is called future (resp. past )
trapped if E + (f) [resp. E - (f)] is compact.
S in gu la r i ty T h e or em s an d T h e ir C on se qu e n c e s 7 81
Notice that a closed trapped surface is not necessarily a trapped set, be-
cause a trapped surface need not be achronal . But even if it is achronal,
E + (S ) may still be non-compact if the spacet ime is null geodesically in-
complete, due to Proposit ion 4.1. Concerning point s such as those of
Proposit ion 4.2, they are trapped sets provided that the spacet ime is null
geodesically complete. Actually, no example of trapped set has yet been
presented explicit ly here. The next example shows some.
Exam p le 4 .3 (Trap p ed se t s) . Consider the closed (k = 1) flrw models
of Example 3.1. Choose any hypersurface ST º f t = T g = const ., which
is obviously compact (it is S 3 ). The computation of E + (ST ) is simple. If
c is any null geodesic starting at ST , c reaches point s to the causal future
of ST , say a point (t, x 1 , q 1 , u 1 ) with t > T , which can always be also
reached by the timelike geodesic de® ned by t = t , x = x 1 , q = q 1 and
u = u 1 , where t is proper time. Thus E
+ (ST ) = J
+ (ST ) ± I
+ (ST ) = ST ,
so that E + (ST ) is compact . Similarly, E - (ST ) = ST . Hence, each ST is
a future and past trapped set. The idea is better understood by looking
at the Penrose diagram of these spacet imes. In Figure 10 we have drawn
the case for dust (pressure p = 0). The trapping of the set in this case
occurs simply because the flrw model is closed, in the sense that each
spacelike hypersurface ST is compact without boundary. This is a general
property, and any compact achronal set S without edge in any spacet ime
is both a future and past trapped set. This follows because, S having
no edge, there are no possible generator segments of E ± (S ), and thus
E + (S ) = E - (S ) = S , which is compact by assumption.
To look for a non-trivial trapped set the non-singular black holes may
be used [28,29,140]. For example, take the simple non-singular black hole
satisfying WEC presented in [140]. Incident ally, these spacet imes are al-
ternat ive extensions of the original Schwarzschild spacet ime allowing for
non-vacuum interior regions. Thus, this is another example of the non-
uniqueness of the extensions of a given spacet ime. This extension keeps
the whole exterior original Schwarzschild region but it leads to no singu-
larit ies in the added regions with r < 2M . In Eddington± Finkelst ein-like
coordinat es, the line element is given by
ds
2
= ± e
4b 1 ±
2m
r
dt
2
+ 2e
2bdt dr + r
2
(d q 2 + sin2 q d u 2 ),
where m (r ) and b(r ) take the following explicit form:
m (r ) =
(r 3 / 16M 4 ) (20M 2 ± 15rM + 3r2 ) for 0 < r £ 2M ,
M for r ³ 2M ,
b(r ) =
(5r2 / 192M 4 ) (24M 2 ± 16rM + 3r 2 ) ± 5/ 12 for 0 < r £ 2M ,
0 for r ³ 2M ,
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F igu r e 10 . T his is the Penrose conformal diagram of the closed (k = 1) dust flrw
model (compare with Figure 21( ii) in Ref. 107) . I am grat eful to Ra Èul Vera for helping
me with the draw ing of this ® gure. T he zig-zagging lines are the big-bang and big-
crunch singularit ies. T he two vert ical lines represent x = 0 and its ant ipodes x = p .
The dust expands from the big bang up to the m iddle dashed line, which represent s the
recollapsing t ime, and then cont ract s up to the big crunch. A compact edgeless acausa l
hypersurface is represent ed by S , which has the S 3 topology. This part icular S has
t imelike normals diverging everyw here. When a null line reaches one of the origins x =
0, p then it `rebounds’ and follows its journey as indicat ed with the null geodesic c . As is
obvious, I + (S ) and I ± (S ) are the parts over and below S in the diagram, respect ively,
and therefore J + (S ) - I + (S ) = E + (S ) = S and J ± (S ) - I ± (S ) = E ± (S ) = S . T hus,
S is future and past t rapped, becau se E + (S ) = E ± (S ) = S are compact . Incidentally,
from the diagram follows that a photon emanat ing from the big bang can go round the
whole universe and come back to the same posit ion in space just when arriv ing at the
big crunch. As an exercise, the reader may try to draw the AH in this spacet ime.
and where M is the mass in the Schwarzschild spacet ime. Thus, for r ³
2M this is just Schwarzschild spacet ime in these coordinat es. There is a
unique value r1 < 2M of r such that r1 = 2m (r1 ). A simple calculat ion
analogous to that in Example 4.2 shows that the 2-spheres with constant
i -
i 0
i +
+
-
¥
)
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F ig u r e 1 1 . Penrose conformal diagram of the spherically symmet ric spacet ime of
Example 4.3. T here is an asym ptotically ¯ at Schwarzschi ld region with event horizon
at r = 2M , and then a matter-® lled interior zone with another null hypersurface r = r 1
such that 2m ( r 1 ) = r 1 . Finally, r = 0 is the origin of coordinates and there is no
singularity there (thus, the r = 0 points are real points and not 2-spheres) . Every point
of the `square’ between r 1 < r < 2M represent s a closed trapped 2-sphere, such as the
S shown. However, half of the f-d null geodesics emanating from S reach r = r 1 with
t ® ¥ but ® nite a ne paramet er, and thus they are incomplete. It follows that E + (S )
is not compact whence S is not a t rapped set . This is due to the g-incompleteness
of the spacet ime. T his spacet ime is ex tendible across r = r 1 , and a possible max imal
ext ension is given in the next ® gure.
t and r are trapped if and only if r1 < r < 2M . The curious property of
this spacet ime is that it is regular at r = 0 [140]. The Penrose conformal
diagram of this spacet ime is shown in Figure 11, where the incompleteness
of the f-d null geodesics is also manifest ed, as they reach t ® ¥ with ® nite
proper time and r ® r1 . Then, the ment ioned closed trapped 2-spheres
are not trapped sets in the sense of De® nit ion 4.4. Nevertheless, a regular
extension of this spacet ime can be performed, and the new spacetime thus
obtained has no incomplete curves [140]. The global structure of the new
spacet ime is similar to that of the maximally extended Reissner± Nordstr Èom
metric [107,140], but with the r = 0± regions completely regular. This is
shown in Figure 12. Consequent ly, the topology of the spacetime changes
in the intermediate regions and the spacelike hypersurfaces are S 3 there
(see Refs. 28,29) . Further, the above cited trapped 2-spheres S are true
i +i +
i +i +
i -i -
i -i -
g
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F ig u r e 12 . T his is the Penrose diagram of a max imal ex tension of the spacet ime
of Fig. 11. T he resulting whole spacet ime ex tends inde® nitely upwards and down-
wards, and is inex tendible and singularity-free. T he global st ructure resemb les that
of Reissner ± Nordst r Èom [107], but the r = 0 regions are completely regu lar. Therefore,
there is a change in the topology of the slices, and a `horizontal’ slice going from r = 0 to
the other r = 0 has the S 3 topology, as in the case of Fig. 10. All points in the shadowed
squares represent closed trapped 2-spheres. Choosing a part icular one, S , their future
horismos have been drawn, showing that they are compact and thus S is a t rapped
set in this case. T he future Cauchy horizon H + [E + (S ) ] is also represent ed. It can be
checked that H + [E + (S ) ] is non-compact (due to the fundamental Lemma 2.7) . T hen,
there are many future-endless t imelike curves completely contained in intD + [E + (S ) ],
as Lemma 4.1 proves. One possibility is indicated by the curve c . Another one is given
by the r = 0 t imelike geodesic itself.
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trapped sets, as their E + (S ) is now compact , reaching r = 0 in all possible
direct ions and then entering into I + (S ). This is shown in Fig. 12. This
possibility arises due to the change of topology, so that the null generat ing
segments of E + (S ) can meet after travelling round the closed S 3 .
Thus, the closed trapped surfaces can fail to be trapped sets because either
the spacetime is not null geodesically complete or they are not achronal.
In fact, this second possibility is of lit tle relevance due to the following
result [12].
P rop osit ion 4.3 . If the null convergence and the strong causality condi-
tions hold and there exists a closed future-trapped surface S , then either
E + (S )\ S is a trapped set or the spacetime is null geodesically incomplet e,
or both.
Proof. First , the achronality of E + (S ) \ S follows from that of E + (S ).
Assume that (V4 ,g) is null geodesically complete. Then, from Proposit ion
4.1 it follows that E + (S ) is compact , so that E + (S) \ S is also compact.
Further, E + (S ) \ S is non-empty, because if it were, then it would be
S Ì I + (S ), in evident contradict ion with P roposit ion 2.21 as S is compact.
Let us show ® nally that E + [E + (S ) \ S ] = E + (S) , so that E + [E + (S ) \ S ]
is compact. To that end, cover S with convex normal neighbourhoods . As
strong causality holds, they can be chosen such that every causal curve
does not intersect them in a disconnect ed set. Further, as S is spacelike,
these neighbourhoods can be taken small enough so that the piece of S
contained in each of them is achronal. Now, as S is compact , we can
extract a ® nite sub-cover f Ui g i= 1 ...,n of the previous cover. Take any point
q 2 I + (S ), so that there exists p1 2 U1 (say) with q 2 I + (p1 ). If some
p1 2 E + (S ) \ S , then q 2 I + [E + (S ) \ S ]. If all such p1 are not in
E + (S ) \ S , and as p1 2 S , there must exist p2 2 S with p1 2 I + (p2 ).
Also, as U1 \ S is achronal, p2 /2 U1 , so that p2 2 U2 ± U1 (say) . If
some such p2 is in E
+ (S ) \ S , then q 2 I + [E + (S) \ S ]. If all such p2 /2
E + (S ) \ S , again there exists a p3 2 S with p2 2 I + (p3 ) and, given
the way that the Ui were chosen, p3 2 U3 ± (U2 \ U1 ) (say) . P roceeding
in this manner, and as the number of the Ui is ® nite, the process must
terminate, which means that there is a pj 2 Uj with pj 2 E + (S ) \ S
and q 2 I + [E + (S ) \ S ]. In other words, for all q 2 I + (S ), it follows
that q 2 I + [E + (S ) \ S ]. This obviously implies I + (S ) = I + [E + (S ) \ S ].
Take now a point r 2 J + (S ). If r 2 I + (S) , then by the previous equality
r 2 I + [E + (S ) \ S ] Í J + [E + (S ) \ S ]. If r /2 I + (S ) = I + [E + (S ) \ S ], then
there is a p 2 S such that r 2 E + (p). Obviously, p /2 I + (S ) as otherwise r
would be in I + (S ). Thus, p 2 S ± I + (S ) so that p 2 E + (S ) \ S and hence
r 2 J + [E + (S ) \ S ]. This implies that J + (S ) = J + [E + (S) \ S ]. Hence, we
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have E + [E + (S )\ S ] = J + [E + (S ) \ S ] ± I + [E + (S) \ S ] = J + (S ) ± I + (S ) =
E + (S ), as desired.
In other words, if strong causality condit ion holds, the existence of
a closed trapped surface implies the exist ence of a trapped set un less the
spacet ime is null geodesically incomplet e. The following lemma shows a
fundamental property of trapped sets [108].
Lem m a 4.1 . If the strong causality condit ion holds and there exists a
future trapped closed set f, then there is a future-endless timelike curve c
contained in D + [E + (f)].
Proof. As strong causality holds, then E + (f) /= ; . Moreover, from the
fourth point of Lemma 2.7 we know that H + [E + (f)] is non-compact or
empty. If it is empty the result is trivial. If H + [E + (f)] is non-empty and
non-compact, then choosing any smooth f-d timelike congruence in V4 and
given the achronality of H+ [E + (f) ], each curve of the congruence passing
through E + (f) can cross H + [E + (f)] at most once. If all of them crossed
H + [E + (f)], there would be a one-to-one continuous map from E + (f) to
H + [E + (f)], which is impossible because E + (f) is compact and H + [E + (f)]
is not. Hence, there must be some curves of the congruence not intersecting
H + [E + (f)] and thus remaining in D+ [E + (f)].
In fact, there are many curves with these propert ies, because given the
c of the previous proposit ion, I - (c ) \ D + [E + (f)] has many future endless
timelike curves contained in D + [E + (f)]. An illust rative example of the
property given by Lemma 4.1 can be easily seen in Fig. 12 of Example 4.3.
There are closed future trapped surfaces S as indicat ed, and then E + (S )
is compact. However, H + [E + (S )] is non-compact , as their generators are
past-endless and approach the point at in® nity i - . Thus, there are curves
contained in D+ [E + (S )] which are future-endless. A possibility is the
curve c shown in Fig. 12. Another one would be the curve along r = 0
itself.
5. SINGULARITY THEOREMS
In this sect ion a signi® cant number of the singularity theorems is pre-
sented including, of course, those with a special relevance from the histori-
cal or the scienti® cal point s of view. Apart from some brief comments and
remarks, in this Section only the theorems and their proofs are presented.
The reasonability of the assumptions, their physical signi® cance, the pos-
sible except ional cases and all illust rative examples are left for the next
two Sections. A reader not interested in the proofs of the theorems but
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rather in their possible applicat ions and the intuit ive ideas behind them
may go direct ly to the next Sections.
Perhaps the ® rst singularity theorem was proven by Raychaudhuri
[170] back in 1955, and independently by Komar [120,171]. Raychaud-
huri’ s paper contained, of course, the fundamental equat ion (27) , which
lies behind any singularity theorem due to it s important consequences con-
cerning geodesic focusing (Proposit ions 2.3 and 2.4) . Komar’ s paper con-
tained basically the same ideas but the concept of strong energy condit ion7
was int roduced in a sense (De® nit ion 2.11) as well as the use of Gaussian
coordinat es (28) . In principle, the theorem is exactly the same as Proposi-
tion 2.3, so that it shows the focusing of a geodesic congruence [170] or the
failure of the Gaussian coordinat es [120]. However, assuming that the mat-
ter moves along the focused geodesic congruence a matter singularity can
be obtained under some general and sometimes reasonable circumstances.
T h eorem 5.1 (R ay ch au d hu ri an d K om ar ) . Assume the matter con-
tent of the spacet ime can be described by an energy-momentum tensor
of the perfect ¯ uid type and the velocity vector
®
u of the ¯ uid is geodesic
and irrotational. If the expansion is posit ive at an instant of time and the
energy condit ion Rmuu
m uu ³ 0 holds, then there is a matter singularity in
the ® nite past along every integral curve of
®
u .
Of course, the not ion of `an instant of time’ is meaningful here and refers
to the natural time de® ned in irrotational models by (24) , or more pre-
cisely by (25) as we are also assuming that
®
a =
®
0. Thus, u = ± dt and the
assumpt ion on the expansion is h j t 0 > 0. Notice that h is a function of all
four coordinat es, as there is no restriction concerning the symmetry group
of the spacet ime Ð this happens for example in the Szekeres cosmologies
[209,206,207,124 ]. Therefore, the condit ion h j t 0 > 0 means h( t0 , xi ) > 0
for all x i in a suitable coordinat e system including t. When there is a
three-dimensional symmetry group acting transit ively on spacelike hyper-
surfaces, the theorem is also proved and was carefully analysed in [68,71].
In fact , the proof of the theorem implicit ly assumes that the geodesic con-
gruence can be extended up to where the focusing takes place, which may
not happen sometimes [68,71].
Proof. The proof start s with a repetition of the proof of Proposit ion 2.3.
Thus, de® ning V as in (30) , we get that V vanishes and h diverges in
the past along every curve of the congruence before t reaches the value
t0 ± 3/ (h j t 0 ), provided that the congruence can be extended that far. Of
7 Raychaudhuri did not have to introduce SEC becau se he implicit ly assum ed a dust
energy -momentum tensor, and took the condit ion . ¸ 0 for grant ed.
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course this focusing is not simultaneous in general (see Example 3.7 in
Section 3). Now it is intuit ively clear that there is going to be trouble
with the assumption that matter moves along this congruence. To prove it
rigourously, under the assumpt ion of the perfect -¯ uid energy-momentum
tensor
Tmu = . um uu + ph mu ,
the conservat ion equat ions Ñ mTmu = 0 imply
u
m Ñ m . + ( . + p)h = 0, ( . + p)am + hmu Ñ up = 0 . (40)
Setting V 1 / 3 º a(t) along each curve, the ® rst of these equat ions can be
rewrit ten as
d
da
( . a2 ) + a( . + 3p) = 0 =) . = ( . a
2 ) j t 0
a2
±
1
a2
a
a 0
a( . + 3p)da,
which under the condit ions of the theorem implies . ® ¥ as a ® 0.
Of course, this theorem applies to the flrw models, and also to most of
the spat ially homogeneous models [123,134,179]. The result holds for some
spat ially inhomogeneous models too, as for instance the general Szekeres
family [209,206,207,12 4] which have no symmetry in general. The impor-
tant assumption in Theorem 5.1 is the absence of accelerat ion and rotation
so that, as mentioned before, accelerat ion (or rotation) of matter is some-
how necessary to avoid singularit ies. This is a physically reasonable fact
because, from the second equat ion in (40) , accelerat ion is direct ly related
to the existence of a gradient of pressure acting against gravitational at-
traction in perfect ¯ uids. In fact, this holds for more general ¯ uids [195].
The necessity of rotation for the avoidance of this type of singularit ies is
usually accepted, and this was manifested by G Èodel’ s revolut ionary paper
[95]. Also, this was support ed by the Newtonian cosmologies, in which ro-
tation prevents the appearance of the matter singularity (see, e.g., Ref. 197
and references therein) . Nevertheless, acceleration with or without rota-
tion can also do the job in General Relativity, and this has been forgot ten
sometimes. In Section 7, some interesting singularity -free perfect-¯ uid
models without rotation will be presented.
Concerning the properties of the singularity, Theorem 5.1 has the
virtue that predicts something more than just the existence of the singu-
larity: it says where to locat e it, that it is a matter singularity and that it is
unavoidable for all the curves of the ¯ uid congruence. This does not mean
that the singularity is of big-bang type,8 as was explicit ly demonstrated
8 There is an erroneous stat ement concern ing this in [195].
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in the various cases shown in Example 3.7, for which the condit ions of the
theorem are obviously satis® ed. Moreover, the character of the singularity
is not determined either, as was also seen in Examples 3.6 and 3.7. Of
course, Theorem 5.1 can be equally proved under the condit ion of ht 0 < 0,
and then the singularity is in the ® nite future. Some cases in Example 3.7
have the double future and past applicat ion of this theorem.
A similar theorem is the following
T h eorem 5.2 . If (V4 , g) contains a Cauchy hypersurface S such that
the timelike geodesic congruence emanat ing orthogonal to S has an init ial
expansion h j S ³ c > 0 and SEC holds along the congruence, then all the
geodesics in the congruence are past incomplete.
Proof. The spacet ime is globally hyperbolic (P roposit ion 2.31) , so that by
Proposit ion 2.33 there is a maximal curve from S to any point p 2 V4 .
This maximal curve must be a timelike geodesic orthogonal to S due to
Proposit ion 2.12, and it cannot have any point focal to S beteween S and
p. But P roposit ion 2.3 assures that these focal points should exist to the
past at a proper t ime less than or equal 3/ h j S £ 3/ c. Hence, no timelike
geodesic orthogonal to S has length greater than 3/ c to the past .
Another similar theorem where the focusing of geodesics is proved
under milder assumptions but strengthening the propert ies of S was found
in [215]. The proof is completely similar.
T h eorem 5.3 . If the spacetime contains a Cauchy hypersurface S with
vanishing second fundamental form (6) and there exist posit ive constants
b, c such that
tS + b
tS
Rmuv
m
v
u
dt ³ c > 0,
along every timelike geodesic orthogonal to S with tangent vector
®
v and
proper t ime t , then all the geodesics in the congruence are both future
and past incomplet e.
The ® rst `modern’ singularity theorem was published by Penrose in
1965 [162], and opened the door to the series of fundamental result s ob-
tained later by himself, Hawking, Geroch and others (see Ref. 220 for a
review). In his important paper, the concept of closed trapped surface was
int roduced and the theorem was devised to be applicable to the general
collapse of stars without spherical symmetry. The precise statement is
T h eorem 5.4 (P en rose ) . If the null convergence condit ion holds and
there are a non-compact Cauchy hypersurface S and a closed trapped
surface S , then the spacetime is null geodesically incomplet e.
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Proof. Suppose that S is future trapped. If the spacet ime were null
geodesically complete, by P roposit ion 4.1 E + (S ) would be compact . But
the spacet ime is globally hyperbolic (Proposit ion 2.31) and therefore
causally simple (Proposit ion 2.26) so that E + (S) = ¶ J + (S ), due to Propo-
sition 2.24. Then, by De® nit ion 2.16, E + (S) would be a compact proper
achronal boundary. Choose any smooth timelike congruence in the space-
time. Every curve of the congruence intersects the Cauchy hypersurface
S exactly once, and meets E + (S) at most once (due to its achronality) .
Then, following the curves of the congruence a continuous map from E + (S )
to S is de® ned. If E + (S) were compact , and as S is not, the image of
E + (S ) by this continuous map should have a boundary in S . But this is
impossible due to P roposit ion 2.16.
Thus, if the spacet ime is to be globally hyperbolic and spat ially open ,
the formation of closed trapped surface seems catastrophic. An improve-
ment of this theorem can be found in [175], where the null convergence
condit ion is assumed to hold only on average. Theorems 5.2, 5.3 and 5.4
assume the exist ence of a global Cauchy hypersurface so that the spacet ime
is globally hyperbolic. Nevertheless, it is obvious that all three theorems
can be applied to the total Cauchy development int D (S ) of any partial
Cauchy hypersurface. Of course, this would only prove the incompleteness
of geodesics within int D (S ), and then possible regular extensions beyond
the Cauchy horizon H (S ) might be performed to solve the incompleteness
problem. As argued in Section 3, this extension is unsure, and there is no
reason to assume, for instance, the same condit ions as in the unext ended
region. So, the problem of singularit ies becomes a problem of extendibility
again. Notice further that this can have physical relevance, as was claimed
after De® nit ion 3.3.
Penrose’ s result inst igated a lot of work on the subject , and the main
advances were found by Hawking in a series of papers with some init ial in-
accuracies, later corrected (see Ref. 220) . Among the various results found
there, let us present one which may apply to spat ially closed universes [104]
T h eorem 5.5 (Haw kin g) . If SEC and the strong causality condit ion
hold, and there exists an edgeless compact achronal spacelike hypersurface
S such that the timelike geodesic congruence emanat ing orthogonal to
S has a posit ive init ial expansion, then the spacet ime is past timelike
geodesically incomplete.
In fact, this theorem can be proved without the assumption of strong
causality [104]. Furthermore, there has appeared an alternative version
in [28] where the assumpt ion is the existence of a non-negat ive number c
such that Rmuv
m vu ³ ± c2 / 3 for all timelike ®v and the init ial expansion is
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greater than c. Finally, let us remark that the supposit ion of achronality
for S can be also dropped by working on the covering manifold of V4 if
necessary (see Refs. 88,104,107,165) .
Proof. The idea is the same as in Theorems 5.2 and 5.3. As the init ial
expansion h j S is posit ive and S is compact, there is a posit ive lower bound
K such that h j S ³ K . If spacet ime were timelike geodesically complete
to the past , then there would be a point focal to S along every past-
directed timelike geodesic orthogonal to S within a proper time t £ 3/K
(Proposit ion 2.3) . Following every such geodesic a proper time t = 3/K
and collect ing the set of point s so reached we would construct a compact
set K. This K would contain D - (S ), due to Proposit ions 2.33 and 2.12,
and thus it would also contain H - (S ) Ì D - (S ) Ì K. It would follow that
H - (S ) is compact , which contradict s point ( iv) in Lemma 2.7 because
H - [I - (S )] = H - (S ) /= ; .
The various developments were ® nally collect ed in a stronger theorem
of much wider applicat ion by Hawking and Penrose [108]. In this fun-
damental paper most of the previous results were recovered under much
weaker assumptions. The Hawking± Penrose theorem is the singularity the-
orem par excellence , even today.
Lem m a 5.1 (Haw kin g an d Pen rose ) . The following three statements
cannot hold simultaneously in any spacet ime:
(i) every endless causal geodesic has a pair of conjugat e points,
(ii) the chronology condit ion is satis® ed,
(iii) there is a trapped set f.
Proof. First of all, Proposit ion 2.22 implies that the strong causality con-
dit ion holds, so that Lemma 4.1 provides a future endless timelike curve
c Ì int D+ [E + (f) ]. The set J - (c ) \ E + (f) is achronal and closed, because
E + (f) is compact and achronal. As c Ì int D + [E + (f)] every past -endless
causal curve from c must cross J - (c ) \ E + (f). Thus, ¶ J - [J - (c ) \ E + (f)]
consist s of J - (c ) \ E + (f) and the part of ¶ J - (c ) to the past of E + (f).
In part icular, consider the set E - [J - (c ) \ E + (f)] Í ¶ J - [J - (c ) \ E + (f) ].
The null generators u of E - [J - (c ) \E + (f)] are thus portions of null gener-
ators m É u of ¶ J - (c ). But any m is future endless, because c is future end-
less so that , extending m to the past inde® nitely, we obtain an endless null
geodesic (still called m) which by condit ion (i) must have a pair of conjugat e
point s. P roposit ion 2.14 implies that every m enters into I - (c ) so that the
null generator u must have a past endpoint at or before the past endpoint
of m \ ¶ J - (c ) . Also, u has a future endpoint at edge [J - (c ) \ E + (f) ],
which is compact being a closed subset of the compact set J - (c ) \ E + (f).
Then, given that conjugat e point s vary continuously, the segment of m
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from edge [J - (c ) \ E + (f)] to the past up to m \ ¶ J - (c ) is compact, hence
the subsegments u also generat e a compact set E - [J - (c ) \ E + (f)]. This
means that J - (c ) \ E + (f) is a past -trapped set, so that applicat ion of
Lemma 4.1 provides another t imelike curve l which is past endless and is
contained in D - (E - [J - (c ) \ E + (f)]) . In summary, there is a past endless
timelike curve l and a future endless timelike curve c , both contained in
the set int D (E - [J - (c ) \ E + (f)]) which is globally hyperbolic by Proposi-
tion 2.29, so that every causal curve from l to c intersects the compact set
E - [J - (c ) \ E + (f)] (due to Lemma 2.7) . The condit ions of Corollary 2.8
are thus satis® ed with K = E - [J - (c ) \ E + (f)], and therefore there exists
an endless maximal causal curve in int D (E - [J - (c ) \ E + (f) ]). But this is
impossible, because by Proposit ion 2.10 this curve cannot have conjugat e
point s, cont radict ing statement (i) .
T h eorem 5.6 (Haw kin g an d Pen rose ) . If the chronology, generic and
strong energy condit ions hold, and there exist s at least one of the following:
(i) a compact achronal set S without edge,
(ii) a closed trapped surface S ,
(iii) a point p such that the null geodesic families emanat ing from p recon-
verge,
then the spacet ime is causal geodesically incomplet e.
Proof. The proof is very simple. By Corollary 2.5 either strong causality
holds or (V4 , g) is null geodesically incomplete. As remarked in the ® rst
part of Example 4.3, E + (S ) = E - (S ) = S , so that S is both past and
future trapped, in case S exists. When S exists, then Proposit ion 4.3
implies that E + (S )\ S is a trapped set or the spacet ime is null geodesically
incomplet e. Finally if p exists Proposit ion 4.2 applies and either f p g is a
trapped set or (V4 ,g) is null geodesically incomplete. In summary, in all
three possibilit es there is a trapped set whenever the spacet ime is null
geodesically complete. But the generic condit ion and SEC imply, through
Proposit ions 2.4 and 2.8, that every endless causal geodesic has a pair of
conjugat e point s unless it is incomplete. The theorem then follows at once
from the Lemma 5.1.
A fourth alt ernative in Theorem 5.6 and some topological consider-
ations were included in the case of non-simply connect ed spacet imes in
[85,86]. Sometimes, the weakness of Theorem 5.6 is claimed to be the lack
of informat ion concerning the `singularity’ , that is, whether the incom-
pleteness is to the past or the future, for how many geodesics, the relat ion
with the curvature, etcetera. Compare the situat ion with Theorems 5.1,
5.2 and 5.3, where the incompleteness is clearly placed either in the future
or the past and on a signi® cative number of geodesics. However, from
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the proof of Theorem 5.4 it is obvious that the incomplet eness occurs in
the future Ð if S is future trapped Ð along null geodesics which are lo-
cally maximal . This follows because what really happens is that E + (S )
is eventually non-compact due to the incompleteness of some of its null
generat ing geodesic segments. This is in fact a general result and it can
be adapted to all possibilit ies in Theorem 5.6 so that in all cases there
is a maximal incomplete geodesic [205,118]. This is important because it
allows one to show a limit on the severity of the singularity as measured
by the curvature. The original limits on curvature growth for maximal
geodesics are due to Tipler [214], later improved in [118,153,205]. The
main result is that the ® rst electric part (see subsect ion 2.1, just before
Proposit ion 2.5) of the curvature with respect to the incomplete timelike
geodesic, and similarly for null geodesics, cannot grow faster, in modulus,
than (t ± t^ ) - 2 when approaching the singularity at t^ .
It is certainly curious that one can put a limit on the curvature growth
when approaching the end of an incomplete geodesic predict ed by the
theorems, but one does not know whether the curvature will diverge at all!
Some results on this can be found in [43± 46,48,212,220]. There are some
expectat ions that the incomplete curves predict ed by the theorems lead to
singularit ies that , in general, if they are essent ial and not very specialized
[43± 45], will not be quasi-regular (see for instance Refs. 43± 46,48,212,220) .
Since the appearance of Lemma 5.1 and its corollary Theorem 5.6 a
lot of work has been devoted to the weakening of its causality and energy
assumpt ions [220]. Starting with the causality assumpt ion (no closed time-
like curves) , there were soon indicat ions that this condit ion can be relaxed
substantially [213,216]. This work was later improved in [125], where a
singularity theorem was proved if the null convergence and generic condi-
tion hold and the boundary of the set of point s were casuality condit ion
is violat ed is compact (remember that this is a proper achronal boundary;
see subsect ion 2.3 before De® nit ion 2.18) . The latest on these series of
results can be found in [137], which contains also all previous results. In
this paper the ® nal theorem is
T h eorem 5.7 . The following three statements cannot hold simultaneously
in any spacet ime:
(i) every endless causal geodesic has a pair of conjugat e points,
(ii) the spacet ime is not totally vicious and, if the chronology condit ion
fails at the set V Ì V4 , then either
(a) there is a p 2 ¶ V such that for any arbit rarily small neighbour-
hood Up of p any closed timelike f-d curve passing through V\Up
remains within a compact set K, or
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(b) for any p 2 V and all q /2 I + (p) \ I - (p) , [ ¶ J + (q) [ ¶ J - (q)] \
[I + (p) \ I - (p)] = ; ,
(iii) there is a trapped set f.
In other words, the causality assumpt ion can be relaxed as far as there ex-
ists a region satisfying the causality condit ion and causally separated from
the possible causality violat ing point s. This, of course, would correspond
to our own region in the Universe. The proof is standard [137].
Concerning the energy assumption, which is SEC plus generic condi-
tion in order to assure the existence of conjugat e points, some results were
found in [218], later corrected in [39], by using the averaged condit ions re-
ferred to in subsect ion 2.1 just before P roposit ion 2.4. These results were
later improved in [27,118]. Essentially, the result is that SEC in Theorem
5.6 can be replaced by WEC and/ or integral condit ions of type
Rmuv
m
v
u
dt ³ 0
(with equality holding only if Rmuv
m v u = 0) along any geodesic with tan-
gent vector
®
v and a ne parameter t . The relaxat ion of the strong energy
condit ion in Theorem 5.6 is important from the physical point of view,
as the typical in¯ ationary models violat e SEC (see Ref. 30 and references
therein; see also Section 7). In this sense there have recently appeared
new singularity theorems which are supposed to apply to the in¯ ationary
models [28,30,31]. In a ® rst theorem SEC is dropped but some stronger
causality assumpt ion is assumed [28,30]:
T h eorem 5.8 . Suppose (V4 , g) sat is® es the null convergence condit ion,
is (past ) causally simple, and all edgeless achronal sets are non-compact.
If there is a point p 2 V4 such that for every q 2 I - (p) the volume of
J - (p) ± J - (q) is ® nit e, then the spacetime is null geodesically incomplete
to the past .
Proof. The assumpt ion on the edgeless achronal sets implies that the
spacet ime is spat ially open (or in® nite in space) . The proof is simple con-
sidering the results of subsect ion 2.1. Specially, I refer to the comment
after De® nit ion 2.12, where the expansion q of a null geodesic congruence
with tangent vector
®
k is equal to km ¶ m (logV), where V is the surface ele-
ment in the surfaces orthogonal to
®
k. Thus, take any q 2 I - (p), so that
by point ( i) in Proposit ion 2.15 there is a neighbourhood Uq Ì I - (p) of q,
and set up the null geodesic congruence orthogonal to a family of pieces of
spacelike surfaces (including q as a limit) contained in Uq \ C+q . The vol-
ume of the past of these surfaces is obviously proport ional to the integral
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of V along the null geodesics, and as this must be ® nite by assumpt ion
because is contained in J - (p) ± J - (q), it follows that the expansion q
must be negat ive somewhere if the null geodesics are past complete. Then
Proposit ions 2.7 and 2.14 imply that either the null generat ing segments
of E - (q) are incomplet e or they leave E - (q) entering into I - (q), so that
E - (q) is compact. By causal simplicity E - (q) = ¶ J - (q), so that in the
second case E - (q) would be a compact proper achronal boundary. This
contradicts the other assumpt ion of the theorem. Hence, spacetime must
be null geodesically incomplet e to the past .
However, the above theorem applies only to open universes. A gener-
alizat ion was also presented in [31] with the added virtue of relaxing the
causal simplicity assumpt ion.
T h eorem 5.9 . Suppose the null convergence condit ion and strong causal-
ity hold. If there is a point p 2 V4 such that for every q 2 I - (p) the volume
of J - (p) ± J - (q) is ® nite, and there exists a past-endless timelike curve c
with ¶ J + (c ) \ I - (p) /= ; , then the spacet ime is null geodesically incom-
plete to the past .
Proof. The idea now is very simple. If the spacet ime were null geodesically
complete, by the proof of Theorem 5.8 the null geodesics generat ing ¶ J - (q)
must leave E - (q) and enter into I - (q). But as c is past-endless, the null
generators of ¶ J + (c ) are past endless. Take then q 2 ¶ J + (c ) \ I - (p),
which leads immediately to a contradict ion.
Before ending this section, let us include a singularity theorem of
limited applicat ion Ð it was devised for the problem of colliding plane
waves Ð but which is important because it assures the existence of singu-
larit ies in some rather simple and complet ely vacuum spacetimes. I will
use this in the next Sections as an indicat ion that the existence of singu-
larit ies in General Relat ivity is really a worrying problem . The problem
of singularit ies in colliding waves was ® rst remarked with a simple exam-
ple in [117] and shown to be somehow generic in [208]. There were some
examples where the singularity might be subst ituted by a Cauchy hori-
zon [77,100], but in the end the answer seems to be that singularit ies are
generic in colliding plane wave spacet imes (see Ref. 100 for a complete
review). The theorem was presented in [219] (see also Ref. 100) .
T h eorem 5.10 . Suppose the spacet ime contains two global spacelike com-
muting Killing vectors
®
j2 and
®
j3 acting on spacelike surfaces with
2 topol-
ogy. Take a pseudo-orthonormal basis f ®k, ®l, ®jA g as in subsect ion 2.1 and as-
sume that at least one of the Newman± Penrose quant ities s, l, C 0 , C 4 , F 00
or F 22 [100,123,150] is non-zero at some point p 2 V4 . If
®
jA are tangent to
a part ial Cauchy hypersurface S 3 p which is non-compact in the spacelike
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direct ion orthogonal to
®
jA , and the null convergence condit ion holds, then
(V4 ,g) is null geodesically incomplet e.
The proof of this theorem is an adequat e repetition of the proof of Theorem
5.4, because the condit ions on the Newman± Penrose quant it ies assure the
focal point s along the null geodesics tangent to
®
k or
®
l (see Ref. 219 for the
details) .
Finally, let us remark that the Einstein ® eld equat ions have not been
assumed in the above theorems, apart from Theorem 5.1. Thus, the theo-
rems apply equally well to any theory where the spacetime is de® ned with
a metric connect ion and sat is® es the appropriat e condit ions (null conver-
gence, generic, etcetera). However, I shall not enter into that here. Some
possible references are [133,202]. Anyone interested in this may consult
the excellent review [84].
6 ANALYSIS OF THE ASSUMPTIONS AND CONSEQUENCES OF
THE SINGULARITY THEOREMS
In the previous sect ion, various singularity theorems have been shown.
As can be explicit ly checked, all of them have the same structure, so that
they can be summarized in the following pattern theorem:
T h eorem 6.1 (Pat t e rn sin gu lar ity ª t h eorem º ) . If the spacet ime
satis® es
(i) an energy condit ion,
(ii) a causality condit ion, and
(iii) a boundary or init ial condit ion
then it contains at least an incomplete causal geodesic.
Of course, the pattern theorem is meaningless by itself, because one has to
specify the adequat e energy, causality and boundary condit ions for each
case. Nevertheless, it is worth writing it down to keep the structure in
mind and in order to look for new theorems or to improve the known ones.
Furthermore, the pattern theorem allows one to perform a careful analysis
of the true theorems as opposed to the widespread folklore concerning
them.
All the assumptions and their reasonability will be analysed later on
in this Section. Before that , let us make some intuit ive comments on
the proofs of the theorems. From a geometrical point of view, the proofs
of the main theorems are based either on the construct ion of at least a
maximal geodesic, therefore with no conjugat e or focal point s, so that this
geodesic cannot be complete due to the energy condit ion (Proposit ions
2.3, 2.4, 2.7 and 2.8) , or on the assumpt ion of g-completeness leading to
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compact proper achronal boundaries which in turn is impossible if the
spacet ime is spat ially open. From the physical point of view, the idea
behind the proofs is diŒerent depending on the theorem, but in the main
cases (Theorems 5.4 and 5.6) it goes like this: the basic assumpt ion is the
existence of a set bound to be trapped . This means that there is a certain
region of the spacet ime, be it a surface, or a point or a slice, which has
its future or its past init ially contained within a compact and decreasing
spat ial region. In other words, all possible matter contained within such a
region cannot escape from a certain ® nit e spat ial decreasing zone at ® rst.
Of course, as long as gravity remains attractive and there is no way out
back in time through violat ion of causality, the part icles in such a region
will collapse unt il one of two things happens: either all of them collapse
to a region too small to contain such high quant ity of part icles, matter
or radiat ion, whence the singularity, or eventually they reach untrapped
regions and may try to escape their fatal fate. However, in this second
possibility the whole future of the part icles is contained within the future
of the future light cone of the init ial set, that is, within the future of a
proper achronal boundary B , which is compact if no singularity is reached
by itself. This can certainly happen in some situat ions, such as de Sitter
or Reissner± Nordstr Èom spacetime [107] or the case in Fig. 12 of Example
4.3. The ideal case in order to avoid the singularity would be that all
part icles necessarily crossed the Cauchy horizon of the proper achronal
boundary B , as then they will be freed from the catastrophic in¯ uence
that gravity exerts on them, but this is impossible because this Cauchy
horizon is non-compact or empty. Therefore, there are some part icles that
can travel inde® nitely without ever leaving the Cauchy development of
B , so that either they approach a singularity or go out to in® nity. In
this last possibility the argument becomes a lit tle more complicat ed as
one has to consider the event horizon of the curve which goes to in® nity.
Again this is a proper achronal boundary and its combinat ion with the
previous one produces, by taking an adequat e subset , yet another proper
achronal boundary which, by the energy condit ions, is compact or reaches
a singularity. The reasoning proceeds then as before but to the past , and
in the case that there is another part icle that could go out to in® nity,
its combinat ion with the ® rst one produces the possibility of travelling
inde® nitely from the past to the future, remaining within a ® nit e spat ial
region and avoiding the focusing eŒect. But this is not possible if there
is some matter or radiat ion around, the arrow of time is inevit able and
gravity remains su ciently attractive (SEC).
From the above reasoning or from the proof of the theorems them-
selves a drast ic conclusion may be reached: if the adequat e energy and
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causality condit ions hold, then General Relativity favours the existence
of incomplete curves rather than the realizat ion of the trapping of a set
bound to be trapped (unless in the trivial case of compact slices with
E ± (S ) = S ). In other words, Lemma 5.1 assures that its point (i) and
point (iii) cannot hold simultaneously and, loosely speaking, it seems as
if the theory prefers to violat e them both in a majority of physical sit-
uat ions containing a set bound to be trapped, because if point (i) held
then point (iii) would also hold. Why this is so may seem logical in some
intuit ive situat ions depicted before, such as when a lot of matter reaches
small enough regions of space, but in the general case it remains some-
thing of a mystery. Furthermore, for the sake of clarity I have repeatedly
used, in the previous intuit ive reasoning, the words part icles or matter in-
stead of the precise term `causal curve’ , as there is no need for anything to
move along the incomplet e geodesics!. This poses a real problem, because
the incomplete curves do appear in completely empty spacetimes. Thus,
the intuit ive idea that singularit ies may have something to do with the
existence of matter, or due to a bad descript ion of it, is false. The case
of colliding plane waves and Theorem 5.10 allows no alternative. Space-
times with simple pure gravitational waves and no matter whatsoever are
destroyed by the existence of singularit ies. One may argue that there is
some gravit at ional energy which can be localized in too small regions, and
that the exact plane symmetry of the in ® nite waves is not realist ic. It has
been claimed, however, that the singularity is there even if one relaxes the
assumpt ion of plane symmetry and considers ® nite waves [246]. Hence,
these examples show that the singularit ies are a really worrying problem
in classical relat ivity [24].
The rest of this section is devoted to the analysis of the assumptions
and conclusions of the theorems, their reasonability and the ident i® cation
of each part of the above pattern ª theoremº with the corresponding actual
part of the theorems of Section 5.
6.1. Assumption of diŒerentiab ility
As remarked in the paragraph after De® nit ion 2.5, one of the usually
unstated but fundamental assumpt ions of the singularity theorems is the
C 2 diŒerentiability of the metric, which may forbid some important cases
of physical int erest such as shock waves or the whole matched spacet ime
of a star. In these cases the metric will be C 2 - [132,143]. This problem
was realized and brie¯ y treated in a part icular case in [107]. The claim
is that the geodesic incompleteness predicted by the theorems cannot be
avoided with a low diŒerentiability. Nevertheless, trying to reproduce all
the results required by the theorems leads usually to very big technical
di cult ies [45,46]. In order to realize the magnitude of the problem let
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us collect here a list of the basic places where the C2 diŒerentiability has
been explicit ly used:
Norm al n e ighb ou rh ood s an d co ord in at e s . The most basic place
where the C 2 assumption is used is the de® nit ion of normal coor-
dinat es and normal neighbourhoods. These coordinat es and neigh-
bourhoods do exist under the C2 - condit ion, but then the exponen-
tial map is a homeomorphism and the change to normal coordinat es
is only continuous. Of course, this has relevance later almost every-
where, in part icular at places where the diŒerent iability of quant ities
in normal coordinat es or of the dependence of the geodesics on the
init ial posit ions is required.
G au ssian co ord in at e s . Of course, the same happens with the existence
of the coordinat e systems (28) and (29) . Thereby, this has in¯ uence
also on the de® nit ion and interpretation of focal and conjugat e point s.
Maxim al cu rv e s. The fundamental Corollary 2.2 and Proposit ions 2.10,
2.11 and 2.12 require a C2 metric in order to perform the second
derivat ive of the length. In principle, without this assumption there
may be locally maximal curves with conjugat e point s.
Exis t en ce of fo cal p o in t s . Obviously, the Raychaudhuri equat ion (27)
has a term proport ional to the Ricci tensor, which may be discont in-
uous. In general this will not modify the results of Proposit ions 2.3,
2.4, 2.7 and 2.8, but it will change the improved results mentioned
several times in which the geodesic focusing takes place assuming only
an averaged SEC or similar, as they usually assume the continuity of
the term involving the Ricci tensor [27,28,218].
Cu rvat u re grow t h . Similarly, the results on curvature growth and the
limit of such along maximal geodesics require a C2 metric [46,48,118,
153,205,212,214, 220].
Trap p ed se t s. Proposit ions 4.1 and 4.2 rely upon the C 2 diŒerentiability
too, as otherwise it is not necessary that the corresponding E + ’ s are
compact because the null geodesic segments generat ing them may
have focal point s and still be maximal. This is used several times in
the proof of the singularity theorems.
P roofs of t h eorem s. Apart from all the above, there are some places
where still the assumption is used in the proof of the theorems them-
selves, as for instance when using the continuous variat ion of conju-
gate point s in the Hawking± Penrose Lemma 5.1.
The quest ion arises of whether this is an important problem or not.
It seems that there is a tacit agreement that most of the results will be
recovered in the general case of C 2 - metrics; trying to prove them is quite
another matter, though. Alternatively, one can try to set up a counter-
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example with a C 2 - metric. However, what is required is the analysis of
the geodesics in this spacet ime, so that it seems logical to assume some
symmetry, or separabilit y in certain coordinat e systems, in order to in-
tegrat e the geodesic equat ions. But this will lead to the absence of the
problem, because if the symmetry is too high (say a 3-dimensional group) ,
or the separabilit y worthwhile that the geodesic equat ions can be part ially
int egrated, then there will be constants Ð either because of the symme-
tries or of the separat ion constant s Ð which will reduce the problem to an
equivalent one with a system of ODE of type
dxm
dt
= F
m
(p, g;A i )
where the A i are the constants and the F m are well-behaved functions
which do not depend on the derivat ives of the metric, but only on the
metric itself. Then the diŒerentiability of the metric will be more than
enough to assure the diŒerentiability of the exponent ial map, for example.
Thus, in general any try to const ruct a counter-example of the fundamental
results listed before is highly non-trivial and requires a full analysis of
complicat ed systems of second order diŒerent ial equat ions.
Nevertheless, there are some simple cases in which the theorems can
be proved allowing for C 2 - metrics. One explicit case will be presented in
subsect ion 7.1 of the next section. This applies to spherically symmetric
solut ions which are stat ic in some regions. There, allowing for an arbit rary
® nite number of matching hypersurfaces, so that the metric may fail to be
C 2 at all these hyersurfaces, does not help in const ruct ing a non-singular
metric if SEC holds [141]. Whether or not this is an indicat ion of the
validity of the theorem in generic C2 - spacet imes is di cult to decide,
but it seems a very part icular case to draw any de® nite conclusion from it.
6.2. Energy and generic cond itions
The energy condit ion used in Theorems 5.1, 5.2, 5.5, 5.6 and 5.7 is
SEC, in the last two cases together with the generic condit ion just to assure
point ( i) in Lemma 5.1 or Theorem 5.7, while it is the null convergence
condit ion in Theorems 5.4, 5.8, 5.9 and 5.10 (in this last case together
with the non-vanishing of some quant ity, which is equivalent to a sort of
`generic’ condit ion) . The remaining Theorem 5.3 assumes a kind of SEC
condit ion on average. Also the Penrose theorem can be proved with a null
convergence on average [175]. As argued after the proof of Theorem 5.7,
the focusing of geodesics will hold by assuming simply WEC, which implies
the null convergence condit ion, and/ or an averaged SEC (see Refs. 27,28
and references therein) . Hence, in general it seems that either SEC on
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average or the null convergence condit ion or both are the necessary energy
condit ions. All in all, what is needed is the appearance of conjugat e or focal
point s along the appropriat e geodesic families. Any condit ion assuring this
will do. The physical implicat ion behind the energy condit ions is simply
this focusing, and can be stated loosely as `gravity will remain attractive
enough and thus it will favour geodesic focusing’ . Obviously, the energy
condit ion by it self does not guarant ee any singularity.
A good review on energy condit ions and where they are used can be
found in [233] and references therein. The possible violat ion of the energy
condit ion has been claimed several times on diŒerent grounds [14,27,32,84,
107,183,218,220 ,233]. As remarked above, usually the theorems will re-
quire SEC (on average) and/ or the null convergence condit ion. However,
as argued after Proposit ion 2.6, SEC is the less physical energy condit ion
of all: the energy density may be non-negat ive and causally propagat ed for
every possible reference system and still SEC may be violat ed. Subsect ion
7.3 of the next section provides an interesting model where DEC holds,
the spacet ime satis® es all assumptions of Theorems 5.5 and 5.6, but still
is non-singular because SEC is violat ed. In fact, important physical exam-
ples violat e SEC: the most typical of all is the energy-momentum tensor
of a massive scalar ® eld [107,218,233]. Of course, the scalar ® eld being a
reasonable physical ® eld satis® es all energy condit ions but SEC. Pions or
Higgs scalar ® elds have this type of energy-momentum tensor.
On the other hand, the violat ion of WEC (and hence of DEC) is
impossible for physically realist ic classical matter or radiat ion. However,
there are some indicat ions that these condit ions may fail to hold in several
semi-classical (or quantum) phenomena. A list of them is [233]: Casimir
eŒect, which violat es all energy condit ions, Hawking radiat ion, wormholes,
and cosmological in¯ at ion. This last case is of interest also from the classi-
cal point of view, and it has been recently claimed [32] that WEC may be
violat ed in some in¯ ationary scenarios, opening the door to non-singular
models which are spat ially homogeneous and isotropic at some scales.
A ® nal few words concerning the generic condit ion (see also Ref. 13) .
Although this is not an energy condit ion strictly speaking, it is used for
the same purposes than the energy condit ion: to assure the focusing eŒect
on geodesics through Proposit ions 2.4 and 2.8. Furthermore, the generic
condit ion is implied by the strict SEC, as was shown in the Proposit ions
2.5 and 2.6. The generic condit ion will be sat is® ed in every `generic’ space-
time, understanding by such any spacet ime with not too much symmetry
or other special propert ies such as a specialized Petrov type. Thus, the
generic condit ion is used to assure the genericity of the spacet ime, but it
has the undesired minor side-eŒect that special cases of some relevance
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are left uncovered by the theorems. It may be thought that this is of no
importance, as perhaps other simpler theorems will do. Unfortunat ely this
is not the case. It is absolut ely necessary to include the generic condit ion
among the assumptions of the theorems, as is proved by many easily con-
structable count er-examples. One is the Reissner± Nordstr Èom spacet ime,
not covered by the Hawking± Penrose and other tradit ional theorems even
though it has singularit ies [28], but much simpler spacet imes can be built .
Some illust rative examples are presented in subsect ion 7.1.
6.3. Causality assumptions
The causality assumpt ion assumed in Theorems 5.2, 5.3 and 5.4 is
global hyperbolici ty; strong causality in Theorems 5.5 (in this case this
assumpt ion is not necessary; Ref. 104) , 5.6 and 5.9; causal simplicity in
Theorem 5.8; a rather complicat ed assumpt ion which can be replaced by
the ful® lment of the strong causality condit ion in some open non-empty
set, in Theorem 5.7; and ® nally, there is no explicit causality assumpt ion
in the Raychaudhuri± Komar Theorem 5.1 and in the last Theorem 5.10.
However, in both cases as well as in the re® ned version of Theorem 5.5
proved in [104,107], the assumption is hidden behind other more physi-
cal condit ions. In these cases there are spacelike achronal part ial Cauchy
hypersurfaces. Therefore, the theorems are proved in the Cauchy devel-
opments of these hypersurfaces within which global hyperbolici ty holds.
At ® rst sight , it may seem that there is a wider variety of possibilit ies in
the causality condit ion than in the energy assumption, but looking care-
fully through the proofs of the theorems, one always moves in (perhaps
hypothet ical) globally hyperbolic subsets of the spacetime. For instance,
in the Hawking± Penrose Lemma 5.1 the whole reasoning is performed in
int D (E - [J - (c ) \ E + (f)]). It seems that the essential thing is the exis-
tence of non-empty E ± ’ s, which in turn needs the absence of closed timelike
curves. The physical implicat ion of the causality condit ion is of two types
(not necessarily both of them have to be present in a part icular theorem):
the impossibility of part icles travelling into the future and being able to
in¯ uence their own past (roughly `no-one can avoid the arrow of time’ ),
and the existence of maximal geodesics within some subsets of the space-
time due to global hyperbolicity. Again, the causality condit ion, whether
by itself or in combinat ion with the energy condit ion, proves nothing. It
is interesting to remark that, as seen in Proposit ion 2.22 and Corollary
2.5 of subsect ion 2.3 together with P roposit ions 2.5 and 2.6 of subsect ion
2.1, the energy and causality condit ions are not completely independent
in general.
The reasonability of the causality assumption is di cult to quest ion in
their milder versions (strong causality ), but perhaps not so in their stronger
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ones (global hyperbolici ty). Nevertheless, the main theorems, including
Theorem 5.6, assume just the strong causality condit ion. Furthermore,
the improved version of Theorem 5.7 assures that the result holds even
when violat ion of causality is present as long as the spacet ime is not totally
vicious. The G Èodel spacet ime [95] shows that this condit ion is di cult to
relax, for it has reconverging light cones and marginally trapped surfaces,
satis® es the null convergence condit ion, and is geodesically complete [28].
G Èodel’ s spacetime is totally vicious. In consequence, it seems that the
causality violat ion cannot help in avoiding the singularity as long as it is
not universal . The causality condit ion is therefore the least restrict ive and
most well-founded assumption of the singularity theorems.
6.4. Boundary and init ial assumptions
The assumed boundary condit ions are: the posit ivity of the expansion
of the geodesics orthogonal to a hypersurface in Theorems 5.1, 5.2, and
5.5; the vanishing of the second fundamental form of the hypersurface
in Theorem 5.3; the exist ence of a closed trapped surface and the non-
compactness of the Cauchy hypersurface in Theorem 5.4; the existence of
a trapped set in its various possible forms in Theorems 5.6, 5.7, 5.8 and 5.9;
and the non-compactness of the part ial Cauchy hypersurface together with
the exist ence of the symmetry in Theorem 5.10. In summary, apart from
the very special case of Theorem 5.1, the boundary condit ion assumes,
or leads to, the existence of an appropriat e compact set , usually through
a trapped set, but not necessarily so, provided that the spacet ime is g-
complete. Of course, this is the key assumption in the theorems, and
nothing could be proved without it .
It seems to me that one of the most surprising things concerning sin-
gularity theorems is the wide acceptance of the boundary condit ion. For
example, in Ref. 220, p. 148 we can read: ª The init ial condit ions Ð such as
the existence of a trapped surface [...] Ð are rarely quest ioned.º . In prin-
ciple, however, it should have been the truly quest ioned assumption, for
various reasons. Firstly, because it is the essential assumption; secondly,
because it has observat ional consequences; thirdly, for sometimes one gets
the impression that it is di cult to dist inguish between the boundary as-
sumption and the derived conclusion . And last but not least , because
its reasonability and its realizat ion in the actual spacet imes is far from
assured. Thus, the boundary condit ion must be carefully analysed and
tested.
Of course, the reasonability and realizat ion of the boundary condi-
tion has been claimed several times in the literature [106± 108]. For ex-
ample, assuming the so-called Copernican principle (implying the spat ial
homogeneity of the Universe, or almost so) and using the existence and
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isotropy around us of the cosmic microwave background radiat ion (cmbr ),
a derivat ion of the flrw line-element for the spacet ime is achieved in [107]
by using the results of [61]. Nevertheless, this derivat ion relies on two
important things: the stated assumpt ion of the spat ial homogeneity of
the Universe (is the Universe really spat ially homogeneous? ) , and the as-
sumption that matter must move along geodesics if solely under its own
in¯ uence (Ref. 107, p. 350) . This second point is not support ed by any
theoretical or physical observat ion whatsoever, and its modi® cation leads
to other possible models [80]. Concerning the ® rst point , I leave it to the
reader Ð but let me recommend Appendixes B and C in [124] and the
contribut ion in [135]. Furthermore, once the flrw spacet ime is obtained,
the exist ence of the trapped 2-spheres in these spacet imes is used (see Ex-
ample 4.2) . But then again, this assumes that the flrw model holds for
distances big enough so that the trapped 2-spheres do exist , and this is not
obvious as the order of the radius of the trapped 2-sphere is the same as
that of our horizon. This will be considered in some detail in subsect ions
7.2 and 7.7.
Similarly, it has been claimed that the spectrum and isot ropy of the
cmbr implies the existence of so much matter that our past -directed null
geodesics must reconverge somewhere to the past [107,108]. Whether this
reasoning is model-dependent is unclear to me, as it uses the Hubble `con-
stant ’ , which in principle could be a function of spat ial posit ion, and also
red-shift s to measure distances. Moreover, it is also implicit ly assumed
that all matter is, and has been for some large time, expanding around
us, as no signi® cant blue-shift s are allowed. Finally, it is also assumed
that the isotropy of the radiat ion is due to the thermalizat ion by repeated
scattering. All this may be true, but there still is room for a reasonable
doubt if for example the density of matter fell oŒrapidly enough when
going away from us Ð it could then grow again, in some situat ions. This
has observat ional implicat ions and can be tested. Furthermore, the fact
that the Hubble funct ion can depend on the direct ion of observat ion has
not been ruled out so far. As a ® nal important point , it must be stressed
that the existence of big inhomogeneit ies in the Universe does not neces-
sarily lead to a big trace left over the spectrum of the cmbr , as has been
demonstrated several times [6,157,169,181] (see the discussion in Ref. 124) .
Further analysis on these matters will be given in subsect ions 7.6 and 7.7.
In any case, even if the whole reasoning were adequat e, Theorem 5.6 would
not say when and how the singularity is. For example, it could be timelike
and to our future! Or it could simply lead to a removable singularity Ð
there is no way to decide whether or not our past horismos E - is con-
tained within an inextendible spacet ime. These possibilit ies are forgot ten
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sometimes.
With regard to the most speci® c Theorem 5.10, here the boundary
condit ions are appropriat e for a very part icular physical situat ion, and
of course they are not reasonable if the waves are not exact ly plane and
of in® nite extent. The same happens with Theorems 5.8 and 5.9, which
were devised for part icular in¯ at ionary situat ions, so that the assumptions
are inapplicable to generic cases and there are many examples in which
the diŒerence of volumes of the past are not ® nite. Concerning Theo-
rem 5.1 the main assumpt ion is the absence of rotation and accelerat ion,
which happens sometimes but fails in general. Of course, the conclusion
here is simple: perfect ¯ uids and similar matter needs either accelerat ion
or rotation to avoid matter singularit ies. The possibility that accelerat ion
(without rotation) may prevent the singularit ies has been dismissed too of-
ten, even though it works perfectly well; see subsect ions 7.6 and 7.7. With
respect to Theorem 5.2, the assumpt ion may seem reasonable for glob-
ally hyperbolic expanding universes, but there are two subtleties which
invalidat e this view, namely, that there is no way to know whether the
whole Universe is expanding at a given instant and the assumption that
the expansion is bigger than some positive constant. So, there certainly
are globally hyperbolic spacet imes expanding everywhere at some instant
of t ime and ful® lling the energy condit ions which are singularity -free (sub-
section 7.6) or with non-big-bang singularit ies (subsect ion 7.5) . The same
criticism holds for Theorems 5.3 and 5.5, but in this last case the compact
slice makes it more reasonable to assume the strictly posit ive expansion if
the spacet ime is spat ially closed (the weakness of this theorem really lies on
the assumption of SEC; see subsect ion 7.3) . Finally, Penrose’ s Theorem 5.4
assumes a non-compact Cauchy hypersurface, which makes the theorem
inapplicable to non-globally hyperbolic spacet imes, so that extensions of
globally hyperbolic regions are needed again, and also to spacet imes with
compact slices such as de Sit ter, Reissner± Nordstr Èom, or the one shown in
Fig. 12 of Example 4.3.
On the other hand, one can raise doubt s as to whether the other
assumpt ions in the theorems themselves allow for the actual appearance
of the required boundary condit ion. For instance, in very simple cases the
assumpt ion of SEC (plus regular curvature) forbids the existence of closed
trapped surfaces, as illust rated in subsect ion 7.1 of the next sect ion. It
is also unclear whether trapped sets are formed from generic init ial data,
specially because these data determine only the corresponding Cauchy
development, and beyond this one has to resort to choosing extensions
once again.
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6.5. The conclusions of the singularity theorems
The conclusion of the theorems states the existence of at least one in-
complete causal geodesic. In Theorem 5.1 the conclusion is much stronger,
and states the existence of a matter singularity along every curve of a time-
like congruence, if these curves do not ® nd another singularity ® rst. This
is an exceptional case, but perhaps it has led to the wrong idea that all the
theorems implied a singularity of this sort. The incompleteness in The-
orems 5.2, 5.3 and 5.5 are also for a whole congruence, but in this case
there is no indicat ion of whether the singularity will be essential or not,
and when essent ial if it may be quasi-regular , or what is the character of
the singularity, so that in Cosmology it could well be timelike. Even worse,
in the rest of the theorems the conclusion is milder and only the existence
of incomplete causal geodesics can be stated for sure. Naturally, this still
leaves two doors open: extensions and singularities .
In the case that the g-incomplet eness signals a removable singularity
and a regular extension is possible, the problem arises of which extension
among the huge amount of possibilit ies. Furthermore, there is no reason
to assume that the same condit ions, or other equivalent ones, which held
in the unextended spacet ime must also hold throughout the extension.
Thus, the energy, causality or boundary condit ions which led to the exis-
tence of incomplete geodesics do not have to be satis® ed necessarily in the
extended spacet ime. As discussed in Example 3.5 the extended region of
an extendible spacet ime may not be determined from the physics of the
unext ended region, so that the existence of a singularity cannot be asserted
un less further hypot heses restricting the extended region are assumed. It
is interesting in this respect to consider the case of Schwarzschild space-
time (Example 3.3) . This spacetime has incomplet e geodesics approaching
r = 2M and there are several alternat ives: a singular extension, a regular
extension with closed trapped surfaces and singularit ies (both shown in
Example 3.3) , and a regular extension with closed trapped surfaces but
no singularit ies (Example 4.3) . In this last possibility SEC is violat ed in
the extended region, but this only happens at small regions and always
within the zone r < 2M , from which we have no physical informat ion
whatsoever and no way to get it!9 This is surely the generic picture in
gravitational collapse, and in this case the problem becomes a problem of
choosing between singular, regular but singularly extendible or completely
9 It is fundamental to note here that there is no way to observe a black hole region,
apart from entering into it if this is possible. If any star ever collapses to form a
black hole, the only informat ion or physical in¯ uence which an ext ernal observer will
receive is from the star at instants prev ious to the crossing of the horizon.
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regular extensions beyond the horizon. Of course, the type of singular-
ity (if any) is then completely unknown, unless a part icular extension is
chosen.
In the second possibility, when g-incomplet eness indicat es an essential
singularity, the problem of its character, severity and locat ion remains. In
Cosmology, for instance, one tends to think that the singularity will be
in the past and of big-bang type (see De® nit ion 3.6) . Well, nothing of
the sort. There are de® nite indicat ions that this is not so in general spa-
tially homogeneous models [50,67,69], but also the set of inhomogeneous
spacet imes that have been obtained in the last decades show that there is
no reason whatsoever to believe that the cosmological singularity has any
de® nite property [53,54,56,79,124 ,139,178,194± 6,198,204]. Further, there is
the possibility of singularity-free spacet imes satisfying all possible energy
and causality condit ions in their stronger versions and being considerable
as cosmological models because they have expanding slices and cannot
be the int erior of a star [40,53,54,56,101 ,136,138,158,178 ,193± 6,247]. In
the next Sect ion, several explicit examples of well-behaved singularity -free
models will be given. Thus, regarding cosmological quest ions the con-
clusion of the theorems is weak in two respects: it allows for localized
singularit ies Ð just a t imelike singularity has nothing to do with the idea
of a beginning of the Universe Ð and there are good models not covered
by the theorems and therefore non-singular and inextendible, so that there
appear some doubt s about the genericity of big-bang singularit ies in Cos-
mology. This last point is relat ed to the old discussion [242] of whether
or not the set of `physical’ spacet imes containing singularit ies is of zero
measure or not . In my opinion, the set of explicit ly known spacetimes is
of zero measure so far, and there is no simple way to answer the previous
quest ion. I will come back to this in subsect ion 7.7.
6.6. Summary of main weaknesses of the singularity theorems
All in all, it seems to me that the main problems of the singularity
theorems are:
² The quest ion of the C 2 - diŒerent iability of the metric to allow for
shock waves and matching of spacet imes, such as the interior and
exterior of collapsing stars.
² The assumption of the unphysical SEC instead of the physically well-
motivated DEC (or WEC). In fact, SEC can certainly be violat ed by
real physical systems.
² The very weak conclusion (at least an incomplet e causal geodesic) ,
which still permits the possibility of having regular, or singular but
quasi-regular , extensions.
² The absence of physical motivat ion in order to favour some extension
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in front of others.
² The lack of informat ion about the propert ies of the singularit ies, con-
cerning type, locat ion, and character.
² The reasonableness and reality of the boundary or init ial condit ions.
² Last but perhaps greatest, the absolut e necessity of the boundary
or init ial assumption in their stronger versions, which may seem to
subst itute eŒectively for the singularity, so that the theorems may
look tautological. Of course, they are not so at all, but the eŒect
of the boundary condit ion on the theorems resembles very much the
action of a time bomb.
A few last words may be in order. In this section, the emphasis has been
put on the criticism of the singularity theorems. The only reason for this
is to inst igate further developments which will improve or eliminate some
of the above di cult ies. Of course, the singularity theorems can also be
considered from a posit ive viewpoint , remarking in part icular their virtues,
beauty, generality, applicabilit y as well as the in¯ uence that the needed
techniques have had in other ® elds. No doubt that would be a much easier
task than the one presented herein.
7. EXAMPLES OF NON-SINGULAR SPACETIMES AND OTHER IN-
TERESTING METRICS
In this sect ion several interesting and illust rative examples of singu-
larity-free spacetimes and relat ed are presented. These examples show
some of the doors left open by the theorems, and reinforce some of the
claims of the previous section.
7.1. Regular static spherically symmetric spacet imes
The purpose of this example is three-fold: ® rstly, it serves to show
that the generic condit ion is certainly needed in the singularity theorems.
Secondly, it provides a simple example where the very same condit ions of
the singularity theorems (SEC) , together with the absence of curvature
singularit ies, forbid the existence of closed trapped surfaces. And thirdly,
it also provides us with a theorem where the diŒerentiability of the metric
is only C2 - . The whole thing is based on [141].
The line-element is given by the most general static and spherically
symmetric metric in coordinat es f xm g = f T,R , q , u g
ds
2
= ± F
2
(R)dT 2 + dR 2 + r 2 (R) (d q 2 + sin2 q d u 2 ), (41)
where r (R ) and F (R) are arbit rary functions. The main assumption is
that the spacet ime is regular at a centre of symmetry (without loss of
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generality this centre can be chosen at R = 0 so that r (0) = 0) . Of course,
this does not avoid all possible singularit ies. The local chart is then well-
de® ned in a neighbourhood of R = 0. The assumption of regularity is
equivalent to the following asymptotic behaviours for F and r
r (R ® 0) ¼ R ± m 0
3
R3 , F (R ® 0) ¼ F0 + F1 R2 , F0 > 0,
where m 0 , F0 and F1 are constants and F0 is strictly posit ive. The energy-
momentum tensor of this spacet ime can be computed without di culty
and takes the form (Tmu ) = diag ( . , pr , pt , pt ) in the natural orthonormal
cobasis h
m µ dxm , where
. =
1
r 2
(1 ± r 9
2
± 2r r 9 9 ),
pr =
1
r 2
± 1 + r 9
2
+ 2r r 9
F 9
F
,
pt =
F 9 9
F
+
F 9
F
r 9
r
+
r 9 9
r
,
and the prime denotes derivat ive with respect to R .
The existence of closed trapped surfaces in this spacetime cannot hap-
pen in the local chart covered by the chosen coordinat es, because those
closed trapped surfaces require a timelike dr = r 9 dR , which is manifest ly
impossible in these coordinat es. The coordinat es fail to describe the ma-
nifold if and only if the function F (R ) vanishes somewhere, which is also
equivalent to the existence of incomplete geodesics approaching the zone
where F (R) = 0, because the vanishing of r at values R > 0 is either
another regular centre of symmetry or a curvature singularity of the space-
time. Then, in [141] the following theorem is proved:
ª Suppose the line-element (41) is C 2 - , failing to be C 2 in a ® nite but
arbit rary number of hypersurfaces. If there is a regular centre of symmetry,
and the condit ion . + pr + 2pt ³ 0 holds, then F > 0 everywhere, so that
there are no closed trapped surfaces in this spacet ime.º
It must be stressed that SEC in our case is equivalent to
. + pr ³ 0, . + pt ³ 0, . + pr + 2pt ³ 0,
so that the assumed condit ion . + pr + 2pt ³ 0 is implied by, but is less
restrict ive than, SEC. Thus, the above theorem can be re-phrased by saying
that the format ion of closed trapped surfaces is forbidden by SEC for the
case of regular, static and spherically symmetric spacet imes. This was one
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of the claimed purposes. However, there st ill is another way of looking
at the theorem, namely, the violat ion of the C 2 condit ion for the metric
does not help in construct ing a singularity -free black hole (spacet imes with
closed trapped surfaces and no singularity ) if SEC holds. Consequent ly,
in this very part icular case the C 2 - diŒerentiability seems unimportant.
This was another goal.
It may be interesting to remark that the possible hypersurfaces with
r 9 = 0 (or equivalent ly with a vanishing one-form dr ) are completely ordi-
nary timelike hypersurfaces as long as F does not vanish there. Therefore,
the possible hypersurfaces r 9 = 0 which appear in our treatment do not
have anything to do with horizons or other null hypersurfaces, and the
Killing vector ¶ / ¶ t is timelike everywhere. Nevertheless, r 9 < 0 is the
condit ion so that the null geodesic families emanat ing from any point at
R = 0 start to reconverge, and thus point (iii) in the Hawking± Penrose
Theorem 5.6 holds when r 9 < 0 for some R . These spacet imes are globally
hyperbolic so that there is no problem with the causality condit ions. If
SEC is also assumed, so that F > 0 everywhere as just seen, then in-
evitably r must vanish again at some other value ÅR > 0 of R . This will
be a curvature singularity in most cases, except when F = F0 = const.
In this case . + pr + 2pt = 0. Thus, when SEC holds with constant F
and r 9 < 0 at some value of R , then the spacet ime is g-complete, glob-
ally hyperbolic and with reconverging horismos Ð in fact, it has compact
achronal sets without edge too. The only possibility to avoid the Hawking±
Penrose Theorem 5.6 is therefore the violat ion of the generic condit ion.10
And this is, of course, exact ly what happens because when . + pr + 2pt = 0
the generic condit ion is violat ed for the timelike curves with constant R , q
and u , which are geodesics now . Therefore, the generic condit ion cannot
be eliminated from the singularity theorems.
In order to illust rate these point s, let us consider brie¯ y the interior
Schwarzschild solut ion, given by [123]
ds
2
= ± [a ± bcos(R / c) ]2dT 2 + dR2 + c2 sin2 (R / c) (d q 2 + sin2 q d u 2 ),
where a, b and c are constants. This is a solut ion of Einstein’ s equat ions
for a perfect ¯ uid (pr = pt ) with density and pressure given by
. =
3
c2
, . + 3p =
6b cos(R / c)
c2 [a ± bcos(R / c)] .
10 This becam e apparent after writ ing [141] in a discussion with Marc Mars, to whom I
am grat eful.
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As is well-known, the case with b = 0 is the Einstein static universe, while
the case a = 0 gives the static part of de Sitter model. In all cases, we
have that r = c sin(R / c), and therefore r 9 = cos(R / c). It follows that
r 9 = 0 at R = cp / 2 and r 9 < 0 for R > cp / 2. The hypersurface R = cp / 2
is timelike and without any special relevance in general, apart from the
fact of being the `equator’ from where null geodesics start reconverging
and SEC may start to fail. The exceptions are the Einstein stat ic universe
b = 0, with . + 3p = 0 everywhere, and the de Sitter model with a = 0,
considered below. The Einstein static universe b = 0 is a simple example
of the possibility shown above, as the spacet ime is globally hyperbolic,
satis® es SEC, it contains point s with reconverging light cones and compact
achronal edgeless hypersurfaces, and nevertheless it is g-complete. The
generic condit ion is violat ed here for the timelike geodesics with constant
values of R , q and u .
The other special case a = 0 is the static part of de Sitter spacet ime
and has . + 3p < 0, so that F (R ) = j bj cos(R / c) is a decreasing funct ion
of R unt il it vanishes exactly at R = cp / 2. The coordinat es are not valid
there and the causal geodesics reach R = cp / 2 in ® nite a ne parameter, so
that the spacet ime is g-incomplete. In this case there is a regular extension
providing the full de Sitter metric in which R = cp / 2 is a true Killing
horizon which separates the regions with and without trapped 2-spheres
in the maximally extended de Sitter model. The extension is given by
imbedding the above spacet ime into £ S 3 with coordinat es f t, x , q , u g
by means of (b = 1)
T = c log
sinh( t/ c) + cosh (t/ c) cos x
1 ± cosh 2 (t/ c) sin2 x
, sin(R / c) = cosh (t/ c) sin x ,
so that the metric takes the flrw form (Example 3.1)
ds
2
= ± dt
2
+ c
2
cosh
2
( t/ c) [dx 2 + sin2 x (d q 2 + sin2 q d u 2 ) ].
This spacet ime is geodesically complete. It sat is® es the null convergence
condit ion (obviously, because Rmu µ gmu ) and is globally hyperbolic , as
the hypersurfaces t = const. are Cauchy hypersurfaces. Further, there are
closed trapped 2-spheres in the added regions cosh 2 (t/ c) sin2 x > 1 which
were not described by the original manifold. Thus, all the assumptions of
Theorem 5.4 are ful® lled except for the non-compact ness of the Cauchy
hypersurface, which reveals itself as essential for the validity of Penrose’ s
theorem.
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7.2. FLRW plus Vaidya spacet imes
Here we present some simple spacet imes built by matching a Vaidya
metric (Example 3.5) to the ¯ at (k = 0) flrw models (Example 3.1) .
These matched spacet imes will illust rate two important facts, namely, (i)
it is possible to have flrw expanding realist ic universes in a big region
but forming a subpart of a bigger non-flrw spacet ime such that the whole
spacet ime does not have closed trapped surfaces; and (ii) it is feasible
to have spherically symmetric realist ic stars which collapse and evaporate
completely without ever forming a singularity or a black-hole region.
The matching of flrw with Vaidya in the general case was succesfully
achieved and interpreted in [73,74] (see also references therein) . Some
applicat ions were later developed in [76], upon which this example is based.
Here the ¯ at flrw is assumed with a barotropic equat ion of state p =
c . , so that the scale factor takes the form shown in (37) of Example
3.6. We assume c ³ 0, so that all energy condit ions are satis® ed. In
this example, the coordinat es used are those of Examples 3.1 and 3.5,
but we have tilded those of Vaidya’ s when necessary to avoid confusion.
Also, we have chosen e = 1. The matching is performed across a timelike
hypersurface s preserving the spherical symmetry and imbedded into each
spacet ime by means of [see (1)] q = F 2 (u ) = u 2 , u = F 3 (u ) = u 3 , Äq =
ÄF 2 (u ) = u 2 , Äu = ÄF 3 (u ) = u 3 together with
t = F 0 (u ) = u 1 , x = F 1 (u) =
3c
C
1 + c
1 + 3c
(u
1
)
1+ 3 c / 3 ( 1+ c )
± x 0 ,
Ät = ÄF 0 (u ) = f (u 1 ), r = ÄF 1 (u ) = 3c
1 + c
1 + 3c
u
1
± x 0C (u
1
)
2 / 3( 1+ c )
,
where f u i g are intrinsic coordinat es of s, x 0 is an arbit rary constant and
f is a funct ion of the time coordinat e u 1 de® ned by
df
du 1
=
3(c + 1) 3
3(1 + c )2 + 2Cx 0 (1 + 3c )(u 1 ) - ( 1+ 3 c ) / 3 ( 1+ c )
> 0 .
The mass funct ion M ( Ät ) of the Vaidya spacet ime is completely determined
(in parametric form at least) from the previous formula and its expression
on s given by
M [f (u
1
)] =
2
9(1 + c )2 (u 1 )2
3c
1 + c
1 + 3c
u
1
± x 0C (u
1
)
2 / 3 ( 1+ c )
3
.
The case c = 0 is the Einstein± Straus model [64] of a Schwarzschild cavity
in a ¯ at flrw background universe, or alternatively a classical collapse
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similar to that of Oppenheimer± Snyder [155,241] with a Schwarzschild ex-
terior (M = const .) and a dust flrw interior.11 In these classical cases, the
matching hypersurface has x = ± x 0 , so that x 0 must be negat ive and the
mass is posit ive. Direct generalizat ions of the Einstein± Straus cavity (or its
complementary matching describing the classical collapse) with a Vaidya
int erior (exterior) are thus given by the above formulae with x0 < 0. The
outcome in the collapse case is a black hole with its typical singularity [76].
Fig u r e 13 . T his is a Penrose diagram similar to that in Fig. 2(a) , but now the ext erior
asym ptotically ¯ at region is a port ion of Vaidya radiat ing spacet ime. Thus, the interior
body collapses inde® nitely but at the same t ime radiates all of its mass away and
disappears completely. T he result ing ® nal part of the spacet ime is simply a port ion of
¯ at Minkowsi spacet ime.
However, the possibility of x 0 > 0 is perfectly valid in the case c > 0,
which in part icular forbids a vacuum exterior. In this case, it is easily
checked that the mass function M vanishes when u 1 reaches the value
(u 1 )1+ 3c / 3 ( 1+ c ) = Cx 0 (1 + 3c )/ 3c (1 + c ), where also r and x vanish.
11 By the typical duality, we can interchange the `interior’ and `exterior’ met rics keep ing
the same mat ching condit ions by simply joining the two complementary pieces left
unused in one of the matchings. T hese two diŒerent junctions with the same matching
equat ions are called complementary ( see, e.g., Ref. 76) .
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Thus, the matching hypersurface starts at the origin of coordinat es and
with vanishing mass function in Vaidya, which implies the `shrinking’ of
the flrw model to a single point . So, the whole model is pure ¯ at Min-
kowski spacet ime before that value of u 1 . The Penrose diagram of the
spacet ime is given by Figure 13 but `upside down’ [76], so that future and
past are interchanged. The spacet ime is init ially ¯ at, but some radiat ion
comes from in® nity and, by some unknown but perhaps possible processes,
produces an expanding flrw central region which gets bigger and bigger as
the radiat ion keeps ¯ owing in. The time-reversal of the model is presented
in the actual Fig. 13, where it is shown that the spacet ime represents a
collapsing star with flrw perfect-¯ uid interior, emitting radiat ion contin-
uously until its mass is wholly radiat ed away and the spacet ime becomes
¯ at. Hence, the star `evaporat es’ completely. In other words, there ex-
ists the possibility of a complete collapse to a single point without the
appearance of a singularity as long as the star losses its mass at the ap-
propriat e rate. It is remarkable that this collapse preserves the spherical
symmetry all along and is for a homogeneous and isotropic perfect ¯ uid.
Furthermore, all energy condit ions are amply satis® ed.
An important remark, however, is that before giving any credit to
these models one should try to ident ify the physical ® elds involved in the
int erior and the exterior and to put the adequat e junct ion condit ions for
them. Otherwise, the possibility of having transmutation of matter, am-
biguous evolut ion and other similar absurdit ies (such as those criticized in
Ref. 78) may appear. The pure matching of two spacet imes is too crude
a model in general, and the speci® cation of the proper boundary condi-
tions for the physical ® elds involved is necessary and may forbid some
situat ions. This is specially so when dealing with unspeci® ed pure radi-
ation, also called `null dust ’ , such as the case of the Vaidya metric (see
Ref. 78) . Of course, as argued in [78]: `one may [...] disregard the matter
® eld equat ions [and their boundary condit ions] and consider only the phe-
nomenological energy-momentum tensor. The results obtained by these
means should not, in principle, be considered as physically tenable unless
con® rmed by the complet e treatment of the problem’ . Actually, all cases so
far analysed have a good complete physical interpretation when carefully
studied, and I am persuaded that the above flrw+Vaidya model has an
appropriat e interpretation satisfying the corresponding ® eld equat ions and
boundary condit ions (see also Refs. 73,74) . Thus, the plausibility of the
complete collapse of spherically symmetric realist ic radiatin g stars without
ever forming a singularity or a black-hole region seems feasible.
Coming back to the model with a flrw expanding central region inside
a Vaidya spacet ime, it is evident that the universe will appear locally
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homogeneous and isot ropic for any observer living inside the flrw part ,
which might interpret the whole universe as such. Notice that the incoming
radiat ion can be scattered when entering into the flrw zone and thus
an internal observer might be unaware of the exterior Vaidya part (see
Ref. 73) . Then, this is an expanding flrw universe created out of some
incoming radiat ion and with no big-bang in the past , and no singularity at
all. Let us stress again that all energy and causality condit ions are amply
ful® lled. The avoidance of the singularity theorems is accomplished in this
simple model because the boundary condit ion is not satis® ed: there are no
closed trapped surfaces, no points with reconverging horismos, no trapped
sets, no closed edgless slices, etcetera. This seems in cont radict ion with
Example 4.2, where every flrw model with at ³ 0 and . > 0 was shown
to contain closed trapped 2-spheres. However, as remarked in the cited
example, this happens provided that the flrw model extends far enough .
In our case, the flrw zone is su ciently small that no closed trapped
2-sphere exists. Of course, this still allows for quite big flrw zones, as
explicit ly shown in the next paragraph.
Even though this example may seem rather arti® cial, its importance
lies in the fact that it proves the possibility of flrw expanding realist ic
regions without having a big-bang in the past . In other words, we could
very well live in a flrw region inside a non-flrw spacet ime so that nei-
ther closed trapped surfaces nor other sets bound to be trapped are ever
formed. Obviously, what is needed is the `end’ of the flrw zone at val-
ues of x before the apparent horizon is reached. Therefore, the quest ion
arises of whether these flrw regions can be big enough to comply with
our observat ions, and to accomodat e the whole or most of the observed
Universe. As proved in Example 4.2, the AH is a hypersurface located at
distance a( t0 )S (xAH , k) = 3/ . at present time t0 . Putting unit s back
and taking . 0 = 2.0 £ 10 - 31g cm - 3 as the (luminous) mass density of the
Universe we obtain a radius of about 29 £ 103 Mpc. On the other hand,
taking the critical density [241,159] . c = 1.9 £ 10 - 29h 20 g cm - 3 , the radius
of the horizon now is of the order of 3.0/ h 0 £ 103 Mpc. In both cases,
this is beyond the farest observed objects and there are no observat ions
which may indicat e that the Universe is flrw that far. Hence, there is
plenty of room to put our matching hypersurface without perturbing the
observed cosmos. This means that , even in the case we could persuade
ourselves that the Universe can be adequat ely described by a flrw model,
there is no de® nite evidence that a closed trapped 2-sphere exists around
us. Of course, more realist ic models are needed, but the door allowing for
its construct ion is certainly open.
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7.3. A spatially closed non-singular cosmology
Here we present a spat ially closed singularity -free universe satisfying
DEC and all other condit ions everywhere. This shows that SEC may be
violat ed in some regions while keeping the physically well-motivated DEC
everywhere and producing singularity -free models. Of course, the de Sitter
model seen in subsect ion 7.1 has also these propert ies. The purpose of this
example is to prove that de Sitter’ s spacet ime is not an except ion, that this
can happen in spat ially inhomogeneous models, and that the expanding
and contract ing phases of the model can be in® nite.
The spacet ime belongs to the general class of spat ially inhomoge-
neous non-rotating cosmologies [234], and more part icularly to the special
subclass admit ting two commuting spacelike Killing vector ® elds Ð the
so-called G 2 models. These cosmological models were classi® ed in [235]
and the part icular one to be presented in this example belongs to the class
B(i) in [235], that is to say, the G 2 group of motions acts orthogonally
transit ively but no Killing ® eld is hypersurface-orthogonal. It was found
with a systematic study of these metrics under an ansatz of separat ion of
variables [145]. The manifold is £ S 3 with coordinat es f T, f, q , w g , and
the line-element reads [145]
ds
2
=
eb
sin q + b2 sin 2 ( cT ) - a 2 ±
b2 sin
2
(2cT )(1 ± e - 2b
2
)dT 2
2 ± 2e - 2b
2 s in2 ( cT ) ± 2(1 ± e - 2b
2
) sin
2
(cT )
+
d q 2
c2
+ cos
2 q eb
2
sin
2
( cT ) - a 2 dw 2 + e - b
2
sin
2
( cT )+ a
2
(dz + Ö 2 ae - a
2
sin q dw)2 ,
where b, b and c are arbit rary constants and we use the abbreviat ion a2 º
b2 / (1 ± e - 2b
2
). When b = 0, the spacet ime possesses a four-dimensional
group of isometries with a three-dimensional Bianchi type IX subgroup
acting transit ively on spacelike hypersurfaces. In the general case, the
energy-momentum tensor is of perfect-¯ uid type and the coordinat es are
comoving. The energy density and pressure of the ¯ uid are given by
. =
c2 (b2 sin
2
(cT ) ± b sin q + 2 ± a2 )
2eb
2 sin 2 ( cT )+ b sin q - a 2 ,
p =
c2 (b2 sin
2
(cT ) ± b sin q ± a2 )
2eb
2 sin 2 ( cT )+ b sin q - a 2 .
As is apparent , these quant ities are completely regular everywhere and
thus there is no matter singularity. It can be also checked that there is
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F ig u r e 1 4 . P lot for the expansion of the perfect -¯ uid congruence in the closed non-
singular cosmological model of subsect ion 7.3. The expansion depends also on the
coordinat e q through the overall factor e ± b s i n q / 2 , so that the essent ial dependence is
on T . The sign of h changes periodically and for ever. This is an alt ernat ively expanding
and cont ract ing universe with no singularity. T he part icular values of the param eters
in this plot are b = 1/ 5, b = 1/ 2 and c = 1.
no curvature singularity at all [145] and that the spacet ime is g-complete.
With the above formulas at hand, it is an easy matter to check that the
DEC will be satis® ed whenever
j b j £ 1 ± a2 =) b
2
1 ± e - 2b
2 £ 1
which permits a non-empty interval for b. Nevertheless, the SEC cannot
be satis® ed everywhere, because it requires
j b j £ 1
2
± a
2
=) b
2
1 ± e - 2b
2 £
1
2
,
which is ful® lled only in the very special case with b = 0 and b = 0.
Actually, the limit b ® 0 with b = 0 leads to the Einstein static universe
in the somewhat disguised form
ds
2
= ± dT
2
+
1
c2
(d q 2 + dw2 + dz 2 + 2 cos q dw dz ) .
Hence, this spacetime is a three-parametric singularity -free generalizat ion
of the Einstein static universe which satis® es the DEC everywhere. The
expression of the expansion of the velocity vector of the perfect ¯ uid is
h =
cb
Ö 2
1 ± e - 2b
2 sin 2 ( cT ) ± (1 ± e - 2b
2
) sin
2
(cT )
(1 ± e - 2b
2
)eb
2 sin 2 ( cT )+ b s in q - a 2 .
In Figure 14, a typical plot of the expansion is shown for the parameters
b = 15 , b =
1
2 and c = 1 (so that DEC holds) .
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The nice thing about this spacet ime is that it expands and contracts
periodically ad eternum without ever collapsing catastrophically. This
spacet ime has compact hypersurfaces without edge: any slice T = const.
Some of these hypersurfaces have posit ive expansion of the timelike ge-
odesic congruence emanat ing orthogonally from them as this expansion
equals the value of h displayed above at each hypersurface T = const.
Hence, this spacet ime sat is® es all the condit ions of Theorem 5.5 except
for the SEC, which reveals itself again as basic in the theorems. It has
been already remarked in subsect ion 6.2 that the physically realist ic en-
ergy condit ion is DEC, and that SEC can be violat ed by realist ic physical
® elds. Therefore, this model provides another example of how to avoid
the conclusions of the singularity theorems while keeping the physically
compelling DEC.
7.4. De® nition of classical cosmological model
The terms `cosmology’ and `cosmological model’ have already ap-
peared in this paper. Is there, then, any accepted de® nit ion of cosmological
model in General Relat ivity? Well, incredible as it may seem, the answer is
no. Usually, the study of the `Universe as a whole’ start s with a discussion
of the homogeneity and isotropy of the observat ions, or the Cosmological
(Copernican) Principle (see e.g. Refs. 112,128,149,159 ,239,241) . Of course,
any good theory must admit at least a handful of cosmological models, and
not only the unique one representing the actual Universe. The only def-
init ion I have found is that given in the Preface of [124], which de® nes a
cosmological model as any spacet ime which contains, as a part icular case,
a flrw solut ion. Of course, this is a good criterion for avoiding many solu-
tions which are rather awkward, but it has the side-eŒect of leaving aside
many other reasonable solut ions which should be termed as cosmological
and cannot be classi® ed in any of the following `classes’ : stars, galaxies,
clust ers, vacuum solut ions, combinat ions of the previous, and a very long
etcetera.
In this sense, it seems to me that it is necessary to dist inguish be-
tween general families of solut ions, which should certainly contain flrw
metrics as part icular cases, and particular spacetimes belonging to those
general families but themselves not containing any flrw model. As a triv-
ial example, consider the Bianchi models [50,134,177,179 ], or the general
spherically symmetric spacet ime. Obviously, these general families include
the flrw models, and thus they are cosmological models by the previous
de® nit ion. But take now a part icular Bianchi model, or a de® nite spheri-
cally symmetric spacet ime. It may well happen that this part icular metric
does not include any flrw as a limit case. Does it have the right to be
called cosmological? Well, it depends: sometimes it does, sometimes it
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does not. For example, if the spacet ime has no matter one should hardly
say that this is a cosmology, because we are pretty sure that the Universe
contains matter (this rules out Schwarzschild spacet ime as a cosmological
model, even though it has spherical symmetry). But it may happen that
a model has no obvious `bad’ property and nevertheless does not include
the flrw model. The quest ion is whether these models have the right to
be called cosmological theoretical ly . The problem of what is a realistic
cosmological model is quit e another diŒerent matter, and we should solve
the former ® rst.
The above discussion gives a pre-eminence to flrw models which is,
in my opinion, more than dubious. However, even accepting that flrw
spacet imes give a good ® rst approximat ion to the descript ion of the Uni-
verse, the quest ion remains. Consider, for instance, the Lema^õ tre± Tolman
spacet ime [20,130,223], which is the most general spherically symmetric
solut ion for dust , given by [123,124]
ds
2
= ± dt
2
+
F 2, r dr
2
1 + 2G (r )
+ F
2
(t, r ) (d q 2 + sin2 q d u 2 )
where F ( t, r ) satis® es
F
2
, t = 2G (r ) +
2m(r )
F
with arbit rary functions m(r ) and G (r ). The energy density reads
. =
2m , r
F 2F , r
.
Now, all dust flrw models are included here for the part icular choice
2G = ± kr 2 , m µ r3 , and F = ra(t) , where k is the curvature index
and a(t) is the corresponding scale factor. However, the general solut ion
includes many other metrics Ð for instance, Schwarzschild for m = const.
If we concentrate in the simplest case G = 0, the general solut ion is 2F 3 =
9m(r )[t ± f (r )]2 with arbit rary f (r ). Now, which part icular funct ions f (r )
and m(r ) will give a spacet ime worth to be called cosmological?
Yet another example. Consider the following cylindrical ly symmetric
model found in [79]
ds
2
= sinh
4
(at)cosh
2
(3ar) ( ± dt
2
+ dr
2
)
+ sinh
4
(at) sinh
2
(3ar)
1
9a2
cosh - 2 / 3 (3ar)d u 2
+ sinh - 2 (at)cosh - 2 / 3 (3ar)dz 2 , (42)
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which is a solut ion of Einstein’ s equat ions for a comoving perfect ¯ uid with
pressure and energy density given by
p = 5a
2
sinh - 4 (at)cosh - 4 (3ar), p = . / 3,
so that the barotropic equat ion of state is realist ic for radiat ion-dominated
matter. It is easy to see that there is a big-bang matter singularity in the
® nite past at t = 0. By the way, it can be easily seen that this solut ion
violat es the conjecture explained just before De® nit ion 3.6, because
lim
t ® 0
CmursC
murs
Rm uRmu
= ¥
so that the divergence of the matter quant ities is less severe than that of
the Weyl tensor near the big-bang. This model cannot be considered an
exterior solut ion, as it has matter everywhere ( . /= 0) and the pressure
does not vanish anywhere, which is the condit ion for its possible matching
with a vacuum exterior (see Ref. 132) . It is globally hyperbolic, satis® es
all possible energy condit ions, and the ¯ uid is expanding for ever and
everywhere. Is this a cosmological solut ion? Well, it may be argued that
the cylindrica l symmetry will not give a good descript ion of the actual
Universe. This is controversial, because all flrw models do have cylindrical
symmetry (see e.g. Ref. 51,194) ! But anyway, the problem is to decide
what a theoretical cosmological model is, and not what the cosmological
model is that adequat ely describes the Universe. As a matter of fact, the
existence of the realist ic cosmological model is not assured on theoretical
grounds, because two very diŒerent models may give rise to the same
observat ions. An explicit example can be found in [69]. Thus, I think the
above model can be considered as a theoretical, and maybe unrealist ic,
cosmological model.
All in all, the de® nit ion of classical cosmological model to be used in
this paper is [195]
De ® n it ion 7 .1. A theoret ical classical cosmological model is any space-
time containing appropriat e matter everywhere which is expanding in a
region for a certain period of time.
This de® nit ion should be taken as tentative, and I hope my colleagues will
help obtain a better one. The condit ion of having matter everywhere is
invoked to avoid vacuum and similar models, or situat ions with localized
objects, such as stars, galaxies, etcetera. For localized ob jects, there usu-
ally exists a limit hypersurface (usually timelike) up to which the matter
extends and where the exterior solut ion (usually vacuum) starts. In these
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cases there is a precise component of the energy-momentum tensor (some
normal pressure or tension) which has to vanish at this hypersurface [143].
Nevertheless, there could be situat ions where there is matter everywhere
but describing a localized object if this mater falls oŒtoo rapidly away
from the object. This is the main di culty in de® ning and constructing
cosmological models. One could impose the condit ion that the model is
not asymptotically ¯ at, but in fact there is no way to decide whether or not
the actual Universe ful® ls this condit ion, (an explicit example is provided
by the spacet ime in subsect ion 7.2) . This is a crucial point : if there is a
way to impose severe restrictions on the decaying of the density of matter
away from us, the possibility of non-singular cosmological models would
be much restricted. It is interesting to keep this in mind when studying
the non-singular models to be presented in the following subsect ions. As
a matter a fact, an interest ing result very recently found by Raychaud-
huri [172] shows that irrotational non-singular models (satisfying SEC and
other reasonable condit ions) must have a vanishing spacetime average of
the energy density and of other scalar quant ities. This new theorem applies
to most non-singular models known hitherto, in part icular to those to be
presented in subsect ions 7.6 and 7.7. However, the relevance of this result
is dubious, mainly because the averages are taken over the whole space-
time, as opposed to pure spatial averages which would certainly be much
more physical. Actually, the analogous quant ity (a spacetime averaged
density) computed in open flrw models is also vanishing.
Going back to the de® nit ion, by `appropriat e’ matter is meant general
¯ uids, or a gas of galaxies, or similar things, but not, for instance, a pure
combinat ion of electromagnet ic plane waves. The requirement of expansion
of matter is a lit tle bit more complex. The idea is to eliminate static
models, which might have been good cosmological models in principle.
However, it seems that there is a basic consensus12 that the Universe is
expanding due to the observat ion of red-shift s and the simplest predict ions
of the theory. Nevertheless, the step from the measured red-shift s to the
expansion of the Universe is not immediate and depends on the model and
on the observer. To begin with, in a given spacet ime some observer may
see no red-shift s while some other observers do see them. Somehow, it
is tacit ly accepted that one always refers to the observer de® ned by the
cosmological matter itself. Whether this is reasonable or not will not be
analysed here. Furthermore, let us remember that the red-shift z measured
by an observer described by a timelike congruence with unit tangent vector
12 If this is not so, this condit ion might be dropped from the de® nit ion.
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®
u is de® ned by
1 + z º
(umk
m )em it t er
(umk
m )ob serve r
,
where
®
k is the tangent vector to the null geodesic xm = c m (t ) going from
the emitter to the observer and t its a ne parameter. The red-shift z is
then given by an integral along the null geodesic through the formula [66]
d(umk
m )
dt
=
h
3
(umk
m
)
2
+ smuk
m
k
u
± (uuk
u
)am k
m . (43)
Of course, the expansion h of the congruence has an important eŒect, but z
depends also on the shear and the accelerat ion of the observer. Thus, very
complicat ed models with accelerat ion and shear and perhaps contracting
regions may give rise to a part icular place in which the measurements
produce the observed red-shift s. In other words, there is no easy way to
translat e the red-shift s to the kinematic quant ities of the matter described
here by
®
u . In fact, all this should be re® ned with an adequat e treatment of
the data on the past light rays of a part icle of the cosmological matter (see
Refs. 57,58,70) . In general, for irrotational models [234], there is a well-
de® ned time funct ion (24) , and thus one can simplify matters by requiring
that h be posit ive for some spat ial region at some instant of this preferred
time. This is the condit ion to be used in what follows, even though it may
not quite collect all that is behind De® nit ion 7.1.
No energy or causality condit ions have been assumed in the de® ni-
tion. Of course, SEC could be added but then de Sitter spacet ime and the
general in¯ at ionary models would be ruled out as classical cosmological
models. One can also assume DEC but not SEC, which would be phys-
ically acceptable, but it seems that the fashionable modern in¯ ationary
models may violat e even WEC [32]. Of course, completely unrealist ic cos-
mological models may ® t with De® nit ion 7.1, but the quest ion of what is
a realistic cosmological model is even more tricky and delicate. It seems
that , apart from the red-shift s, the main observat ional evidences concern-
ing the real Universe are (see also Refs. 135,159) : the distribut ion and
abundance of chemical elements such as Helium; the existence, spectrum
and degree of isotropy of the cmbr ; and the clumping of matter. This last
point is one of the greatest di cult ies Cosmology has to face nowadays
and is obviously not explained by the pure flrw models Ð there is some
hope that flrw perturbat ions may give an answer, though. Concerning
the existence of the cmbr and the primordial character of chemical ele-
ments all that is needed is a very hot and dense epoch in our causal past .
Of course, many models will satisfy this. Perhaps the most demanding
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point is the small anisot ropy showed by the cmbr around us. Requiring
the existence of a geodesic congruence observing the isotropic distribut ion
of a collisionless gas of photons, Ehlers, Geren and Sachs proved their
classical theorem that the model must be a flrw spacet ime [61]. How-
ever, if the geodesic assumpt ion is dropped, many other possible models
survive [80]. Moreover, the assumption of exact isotropy is too strong and
there are de® nite indicat ions that the observat ions on the cmbr can be
almost isotropic with very big inhomogeneit ies in the Universe, as already
remarked [6,124,157,169,1 81]. Therefore, just to be on the safe side, let us
simply de® ne [195]
De ® n it ion 7 .2 . A realist ic cosmological model is any classical cosmolog-
ical model which explains as much observat ional evidence as possible.
One could re® ne the above by saying that the model must explain all ob-
servat ional evidences at hand. Unfortunately, in that case flrw models
would not be realist ic because they do not explain the lumpiness or clump-
ing of matter. Thus, in order to keep flrw models as realist ic, one must
admit the softer de® nit ion above.
There are plenty of papers support ing the above de® nit ions (see for a
selection Refs. 4,35,36,50,59,66 ,67,69,79,95,97, 98,112,123,124,1 28,134,135,
147± 149,177,179,199 ,206,207,209,211 ,221,222,227,234 ± 238,240,241 and
many references therein) , where they were used either explicit ly or tacit ly
without any problem. However, since the appearance of the singularity -
free models and its repercussion [136], there has been some controversy
about whether or not they should be considered as cosmological models.
The claim that the singularity -free models known hitherto may be unreal-
istic [40,178,194,195 ] has not helped and sometimes they are disregarded
even as unrealistic cosmologies. Unfortunately, this view may lead to the
tautological existence of the singularity in cosmological models. In order
to avoid this problem and to provide more relevant examples concerning
the singularity theorems, some cosmological models are presented in the
next subsect ions 7.5, 7.6, 7.7 and 7.8 where, in part icular, most reasonable
criticism on the non-singular models will be addressed.
7.5. Big-bang-free cosmological models
Here we present some cosmological models without big-bang singular-
ities and satisfying all energy, causality and simplicity condit ions. The tra-
dit ional way to achieve these propert ies was the addit ion of electric charge
to the matter describing spherically symmetric spacet imes. This usually
produces a repulsive force prevent ing collapses (see Refs. 29,124,200,229
and references therein) . There is no need for that , however, and there are
some explicit ly known perfect-¯ uid models with these propert ies. Some
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examples have been already presented here, such as for instance the case
a < 0 of Fig. 6 and the case of Fig. 9 in Example 3.7 of Sect ion 3. Another
explicit very simple example is given by the spherically symmetric solut ion
presented in the ® rst row (k = 1) of Table 5 in [36], with line-element
ds
2
= e
2a x
( ± dt
2
+ dx
2
) + e
2a x
(e
2a t
+
1
2 ) (d q
2 + sin
2 q d u 2 ),
where a > 0 is a constant . This is a solut ion for a stiŒ¯ uid (perfect ¯ uid
with p = . ), and the energy density and pressure read
p = . = a2 e - 2a x (e2a t + 12 )
- 4 .
The coordinat e system is comoving, but it is not well-adapt ed to the global
structure of the spacet ime. A better coordinat e system is de® ned by
T =
ea x
a
sinh(at) , R =
ea x
a
cosh (at)
so that the metric takes the form
ds
2
= ± dT
2
+ dR
2
+ 12 (T + R )(T + 3R ) (d q
2 + sin
2 q d u 2 )
and the density and pressure become
p = . = 8 (R ± T )3 (T + R ) - 1 (T + 3R ) - 4 .
Fig u r e 15 . This is the conformal diagram of the ® rst spacet ime presented in subsect ion
7.5. There is a null singularity at R = - T which is not a big bang becau se many
causal curves start at ± . In part icular, the whole perfect ¯ uid congruence, which
is represent ed by arrowed lines, does not originate at the singularity. In this sense,
the cosmological mat ter avoids the past null singularity. Null geodesics and t imelike
geodesics, such as c and l shown in the ® gure, start at the null singularity. The null
geodesic c ends at + , while the t imelike geodesic l reaches T = R with ® nite proper
t ime. T hus, this spacet ime is ex tendible across T = R .
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The manifold is de® ned by the port ion of 4 de® ned by R > j T j
in spherical coordinat es f T, R, q , u g . Then, the energy density and pres-
sure are posit ive everywhere so that the energy condit ions are ful® lled.
The spacet ime is globally hyperbolic too and there are no closed trapped
2-spheres. Now it is easily seen that T = ± R is a null singularity corre-
sponding to x ® ± ¥ and t ® ± ¥ . No curve of the ¯ uid comes from this
singularity as they have x = const., so that this singularity is null and not
of big-bang type. However, null geodesics, timelike geodesics and other
causal curves start at this singularity (see Figure 15) . Similarly, some null
and timelike geodesics as well as other causal curves reach R = T at ® nite
proper time. This is not a curvature singularity of the spacet ime and in
fact spacet ime is regularly extendible through R = T , which corresponds
to x ® ± ¥ and t ® ¥ .
In principle, this spacet ime does not describe a localized object as
the pressure is non-zero all over the spacetime and the ¯ uid congruence is
expanding everywhere and for ever, the expansion being
h = 2e
2a t
(e
2a t
+ 12 )
- 1 = 4(T + R )(T + 3R) - 1 .
However, the energy-momentum tensor tends to zero when approaching
T = R , through where the spacet ime is extendible. Thus, whether or not
this is a cosmological model depends on the choice of the matter content
in the extended region.
Other perhaps more int eresting explicit perfect -¯ uid models were
found in [178], such as the following line-element given in cylindrical coor-
dinat es f t, r, u , z g (a /= 0 is a constant )
ds
2
= cosh
2( 5+ 2 Ö 5 ) (at) e2 ( 3+ Ö 5) ar sinh2( 2+ Ö 5) [ ( Ö 5 ± 1)ar] ( ± dt2 + dr2 )
+ cosh (at) e
( 2 - Ö 5) ar sinh[ ( Ö 5 ± 1)ar] £
£ [cosh 4+ Ö 5 (at) ear sinh2+ Ö 5 [ ( Ö 5 ± 1)ar]d u 2
+ cosh - ( 4+ Ö 5) (at) e - ar sinh - ( 2+ Ö 5 ) [ ( Ö 5 ± 1)ar]dz 2 ].
The manifold is 4 without the r = 0± axis and the velocity vector of the
perfect ¯ uid is proport ional to ¶ t (comoving coordinat es). The pressure of
the perfect ¯ uid is
p = c cosh - 2 ( 5+ 2 Ö 5) (at) e - ( 5+ 3 Ö 5) ar sinh - ( 5+ 2 Ö 5 ) [ ( Ö 5 ± 1)ar],
where c is a posit ive constant and the barotropic equat ion of state reads
p =
1 + Ö 5
4
. .
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Both the pressure and the energy density are posit ive everywhere, so that
all energy condit ions hold. The line-element is causally stable and there is
no big-bang singularity. Nonetheless, there is a matter timelike singularity
at r = 0 as the density and pressure diverge there. This is a big-bang-
free classical cosmological model according to De® nit ion 7.1, because the
expansion of the ¯ uid congruence is posit ive for all t > 0 [178] and the
pressure does not vanish anywhere. Therefore, the classical cosmological
models can have a timelike singularity and no big-bang. Notice that this
singularity is avoided by most part icles as it resembles a singular axis, but
most part icles can travel into the past and future inde® nitely.
Another even more curious example is given by the same manifold as
before but with the line-element [178]
ds
2
= cosh
1+ Ö 2 (at)tanh 1 - Ö 2 ( 4 + 3 Ö 2 ar) ( ± dt2 + dr2 )
+ cosh (at) sinh( 4 + 3 Ö 2 ar)cosh ( Ö 2 - 2) / 2 ( 4 + 3 Ö 2 ar) £
£ [cosh 1+ Ö 2 (at) sinh Ö 2 - 1 ( 4 + 3 Ö 2 ar)d u 2
+ cosh - ( 1+ Ö 2) (at) sinh1 - Ö 2 ( 4 + 3 Ö 2 ar)dz 2 ].
This is a perfect -¯ uid solut ion in comoving coordinat es with a pressure
and an energy density given by
p = const
tanh 1+ Ö 2 ( 4 + 3 Ö 2 ar)
cosh 1+ Ö 2 (at)
, p =
4 Ö 2 ± 5
7
. ,
so that the equat ion of state takes again the simple linear form p = c . ,
now with c < 13 . As easily checked, pressure and energy density are
both regular everywhere, so that there is no matter singularity in this
case. The expansion is posit ive for all t > 0 and the pressure is non-
zero everywhere, so that the spacet ime is a classical cosmological model
according to De® nit ion 7.1 and satis® es all energy condit ions. On the
other hand, it can be shown that r = 0 is a true singularity for the Weyl
tensor [178]. Thus, there are well-behaved classical cosmological models
with pure Weyl timelike singularit ies and no big-bang. This singularity
resembles again a singular axis but now with matter quant ities regular
there.13
13 These spacet imes are not cylindrically symmetric because the candidat e to ax is is a
singularity ( see Ref. 144) .
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All spacet imes shown in this subsect ion prove that reasonable cosmo-
logical models can have timelike (or null) singularit ies and that there is no
`singular beginning’ for them. In fact, in the next subsect ions we are going
to see that there are completely non-singular cosmological models too.
7.6. A simple singularity-free spacetime
Here we present the ® rst singularity -free models to be found satisfying
all energy, causality and simplicity condit ions. The manifold is 4 with
cylindrical coordinat es and the line-element can be written as [178,193,227]
ds
2
=
cosh
4
(at)cosh
2
(3ar) ± dt
2
+
sinh
2
(3ar)
cosh 2 (3ar) + (K ± 1)cosh 5 / 3 (3ar) ± K
dr
2
+ 4cosh
4
(at)
cosh 2 (3ar) + (K ± 1)cosh 5 / 3 (3ar) ± K
(5K + 1)2a2 cosh 2 / 3 (3ar)
d u
2
+ cosh - 2 (at)cosh - 2 / 3 (3ar)dz 2 , (44)
where a > 0 and K > 0 are arbit rary constants. This metric has well-
de® ned cylindrical symmetry and the elementary ¯ atness condit ion [123,
142] is sat is® ed in the vicinity of the axis r = 0. The energy-momentum
tensor is of perfect-¯ uid type with comoving velocity vector and the energy
density and pressure take the form
. = 15a2K cosh - 4 (at)cosh - 4 (3ar), p = . / 3,
so that again the equat ion of state is realist ic for radiat ion-dominated mat-
ter. All energy condit ions are amply ful® lled everywhere. Furthermore,
it is easy to check that Rm uk
mku > 0 for all causal vectors
®
k so that the
generic condit ion holds too due to Proposit ions 2.5 and 2.6. The metric is
obviously causally stable (t is a time funct ion) , and in fact it is globally
hyperbolic, the hypersurfaces t = const . being Cauchy hypersurfaces [40].
The part icular case K = 1 was found in [193] and fully analysed in [40].
The conclusions hold for the general case with arbit rary K too. In par-
ticular, there is no matter singularity, as is apparent from the above. It
can be also checked that there is no curvature singularity at all [178,193].
Actually, this spacet ime is g-complete (whence inext endible, Proposit ion
3.1) and singularity -free. The quest ion arises: how can this simple and
well-behaved metric avoid the singularity theorems? It is very int eresting
to look into this spacet ime closer to answer this quest ion.
82 8 S e nov il la
To begin with, the expansion of the perfect ¯ uid is
h = 3acosh - 3 (at)cosh - 1 (3ar) sinh(at), (45)
so that the ¯ uid undergoes a contracting phase for t < 0, a rebound at t = 0
and an expanding phase for all t > 0. This is a classical cosmological model
according to De® nit ion 7.1 because it cannot be interpreted as a ® nite
body and is expanding half of its history. Let us start with Theorem 5.1.
Evident ly, all condit ions of this theorem are satis® ed except for the geodesic
motion of matter. The accelerat ion (20) of the perfect ¯ uid congruence is
a = ± 3atanh (3ar)dr
so that there appears a gradient of pressure [see (40) ] which acts opposing
gravitational attraction, and thus the model can cont ract for t < 0 and
nevertheless re-bound at t = 0 without reaching any singularity. Conse-
quent ly, accelerat ion is enough to avoid the singularit ies predicted by the
Raychaudhuri± Komar theorem.
Consider then Theorems 5.2 and 5.3. The former requires SEC (ful-
® lled) , a Cauchy hypersurface (ful® lled) with expansion bounded away
from zero (almost ful® lled, but not quite!). As we can see, the expansion
of any t = const. Cauchy hypersurface is positive everywhere , but it is
not bounded below by a positive number , as h ® 0 for r ® ¥ at every t.
This subtle diŒerence makes Theorem 5.2 inapplicable to this spacet ime.
Let us remark, therefore, that non-singular cosmological models can have
matter expanding everywhere at some instant of time. For the singular-
ity theorems to apply it is not enough with an expansion which is strictly
posit ive everywhere, it must be bigger than a ® xed posit ive constant. Sim-
ilarly, with regard to Theorem 5.3, the condit ion of a Cauchy hypersurface
with vanishing second fundamental form is ful® lled by the hypersurface
S : t = 0, as can be checked from the expression for the shear [178,193]
and the expansion. Further, it is easily checked that
tS + b
tS
Rmuv
m
v
u
dt > 0
for every timelike
®
v and every b > 0. But then again, the subtlety ap-
pears: this is strict ly posit ive everywhere, but not greater than a given
posit ive constant because it goes to zero for r ® ¥ . Thus, this theorem
is inapplicable to the spacet ime in considerat ion. In both Theorems 5.2
and 5.3 the escape is the same. Any Cauchy hypersurface t = t0 > 0 has
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a posit ive expansion h0 > 0. Hence, every single geodesic orthogonal to
the hypersurface must have a past -conjugat e point within a ® nite proper
time 3/ h0 . However, h0 is posit ive but not bounded from below by a posi-
tive number, so that these proper times do not have a ® nite upper bound.
This allows for the exist ence of a maximal geodesic from t = t0 up to any
p 2 J - (t = t0 ), as is compulsory for any Cauchy hypersurface.
Theorems 5.4, 5.5 and 5.7 can be included in Theorem 5.6 for our
purposes now. All condit ions in the Hawking± Penrose theorem are ful-
® lled except for the boundary condit ion. The spacet ime has no compact
achronal edgeless set (for a formal proof, see Ref. 40) , no closed trapped
surfaces,14 and no point with reconverging horismos. To see this last point ,
the easiest thing is to consider the f-d radial null geodesics c , given by con-
stant u and z together with [40] (t is the a ne parameter)
dc 0
dt
=
dc 1
dt
,
dc 1
dt
= ccosh - 4 (ac 0 )cosh - 2 (3ac 1 ) ,
where c is a constant. Therefore, given any point p 2 V4 , there are future-
and past-directed radial null geodesics passing through p and going to
in® nity (r ® ¥ ), whence there cannot be reconvergence of the light cones.
Finally, the boundary condit ions of the other Theorems of Section 5 are
obviously not ful® lled either.
To gain further insight into the properties of this model, let us consider
brie¯ y what is the behaviour of causal curves. The spacetime is globally
hyperbolic, and therefore there is a maximal causal curve between any
pair of causally related point s by Proposit ion 2.32. However, the space-
time sati® es DEC and the strict SEC, whence the generic condit ion too,
and thus every endless causal curve has a pair of conjugat e point s due to
Proposit ion 2.4 so that it cannot be maximal for point s `beyond’ these
conjugat e point s by Corollary 2.2 and Proposit ion 2.10. Therefore, given
any compact set K, there must be points to the future and past of K that
can be joined by a maximal causal curve not passing through K. Oth-
erwise, the result of Proposit ion 2.34 would hold and, a poster iori , some
singularity theorem would apply. Let us then see this property explicit ly.
Take the family of `circular’ null curves de® ned by
z = z0 = const., r = r0 = const., t = u
sinh(3ar0 )
3acosh 4 / 3 (3ar0 )
+ b,
where b is a constant. These are not geodesics except for the part icular
case with cosh (3ar0 ) = 2. As is evident , the coordinat e time t elapsed
14 The proof of this in [40] is not completely correct , but the result holds.
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between any two values of u can be chosen as small as desired by taking a
big enough r0 . This property may seem surprising, but it is a consequence
of the fact that distances along the u -circles become extremely small in
comparison with the radial distances for big r. Consider also the family
of null curves parallel to the axis, that is
u = u 0 = const ., r = r0 = const.,
dt
dz
= cosh - 3 (at)cosh - 4 / 3 (3ar0 ),
so that along these curves t £ zcosh - 4 / 3 (3ar0 ) + h , for some constant h .
All these curves are not geodesics except for the axis r0 = 0 itself. Again,
the time t between any two values of z can be made as small as required
by choosing r0 big enough. This is a consequence of the fact that spat ial
distances along z decrease as r increases.
Now, take any compact set K. Then, the coordinat es t, r and z will
attain their maximum and minimum values on K. Now, going su ciently
back in the past it is always possible to choose a point p 2 J - (K) and an f-
d radial null geodesic from p such that , for some t = t1 , it will reach values
of r bigger than the maximum of r at K; continue then with an appropriat e
combinat ion of circular and parallel to the axis null curves so that z and
r reach the desired values without ever entering into K and, what is more
important, without increasing too much the value of t. Finally, go from
this point to a q 2 J + (K) along the radial null geodesic or the adequat e
curve. This always gives a causal curve from the past of K to the future
of K without crossing K. As a ® nal interesting remark, let us notice that
the constructed curve is a combinat ion of null curves, so that there must
exist another timelike curve from p to q which is maximal. Therefore,
the conclusion of Proposit ion 2.34 can be avoided because for any pair of
sequences f pn g and f qn g as in the proposit ion, there always is an n such
that a maximal curve from pn to qn does not meet K. In summary, the
focusing eŒect on geodesics takes place fully in this solut ion, but there is
no t`ime-bomb’ (boundary condit ion) leading to the catastrophe.
All in all, this simple example shows that there are well-founded, well-
behaved classical cosmological models expanding everywhere for an in® nite
period of time (half of their history) , with reasonable and realist ic mat-
ter content , satisfying all possible energy, generic and causality condit ions
and, nevertheless, singularity -free. The boundary condit ion is therefore
the essential assumption in the singularity theorems and its realizat ion in
some physical models can be certainly eluded. This model shows explic-
itly that the door to construct inhomogeneous non-singular cosmological
models is wide open despit e the singularity theorems. Unfortunately, the
above simple model seems not to be realist ic (see De® nit ion 7.2) . Hence,
S in gu la r i ty T h e or em s an d T h e ir C on se qu e n c e s 8 31
the quest ion of whether the singularity theorems still allow for realistic
singularity -free models is quite another problem. Elsewhere, by using very
simple argument s I have argued that this door is also open [194]. The
main ideas are collected in the next subsect ion.
7.7. FLRW plus non-singular models. In¯ ation and lit tle bang
The singularity -free model of the previous subsect ion is not isolat ed,
and in fact it belongs to a more general family of perfect-¯ uid non-singular
cylindrically symmetric spacet imes [178]. Since their discovery in [193],
other non-singular models have been found, and the list is increasing slowly
but ® rmly [4,53± 56,101,138,139,1 45,158,178,227, 247]. A single family com-
bining the flrw models with some of these non-singular spacetimes can be
built so that the parameters select from the complet e spat ial homogeneity
and isot ropy to the G 2 -inhomogeneity.
The explicit family is given in cylindrical coordinat es f t, r, u , z g by
the line-element [194]
ds
2
= T
2 ( 1+ n )
J
2n (n - 1 ) ( ± dt2 + dr2 )
+ T
2 ( 1+ n )
J
2n
J
2
,rd u
2
+ T
2( 1 - n )J2 ( 1 - n ) dz 2 ,
where T ( t) is an arbit rary funct ion, n ³ 0 is a constant and J(r) is the
solut ion of
J
2
,r = MJ
2
+ N ± nK J
2 ( 1 - 2n ) ,
where M , N and K are arbit rary constants. Notice that this is not a
remaining equat ion to be solved (a simple change of coordinat e r would
eliminat e this equat ion) ; it is preferable to maintain the equat ion because
the behaviour of the solut ion depends on the sign ofM and the values of the
other constant s (see Ref. 194) . Essentially, J behaves like a trigonometric
funct ion if M < 0, and like a hyperbolic funct ion if M > 0. The case
M = 0 is more involved. The general spacet ime has well-de® ned cylindrical
symmetry with a regular axis.
In the natural orthonormal cobasis h
m µ dxm , the energy-momentum
tensor takes the diagonal form Tm u = diag ( . , pr , pr , pz ), where the energy
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density . and pressures pr , pz read explicit ly
. =
(2n ± 1) (n ± 1)(n + 3)nK + J4n (n + 1)(n ± 3)(M ± (T2, t / T
2 ))
T2 ( 1+ n )J2n (n + 1)
pr =
(2n ± 1)(n ± 1)2nK+ J4n ((n ± 1)2M ± [(n + 1)(n ± 3)+ 2](T2, t / T
2 ) ± 2(T, t t / T ))
T2 ( 1+ n )J2n (n + 1)
pz =
(2n ± 1)(n ± 1)2nK+ J4n ((n+ 1)2M ± (n+ 1)(n ± 1) (T2, t / T
2 ) ± 2(n+ 1)(T, t t / T ))
T2 ( 1+ n )J2n (n + 1)
The condit ion for a perfect ¯ uid is
pr = pz º p ( ) n T, t t
T
+
T2, t
T2
± 2M = 0
so that , for perfect ¯ uids, either n = 0 with arbit rary T (t) or T (t) is a
known simple function [194] with arbit rary n . However, this condit ion is
not assumed in what follows.
The non-zero component s of the kinemat ic quant ities (20) and (22)
of the ¯ uid congruence in the chosen cobasis are
h = (n + 3)
Jn ( 1 - n )T, t
Tn + 2
, a1 = ± n (n ± 1)
J ,rJ
n ( 1 - n )
T1+ n J
,
s11 = s22 = ±
s33
2
=
2n h
3(n + 3)
.
These general spacetimes are classical cosmological models in the sense of
De® nit ion 7.1. The accelerat ion and shear vanish when n = 0, in which
case the ¯ uid is perfect, from where it follows (see e.g. Ref. 124) that the
metric for n = 0 is a flrw model. Actually, all flrw models are included
here, and they are invariant ly characterized within the general class by
the simple condit ion n = 0.15 In this flrw case, T coincides with the
flrw scale factor a(t) and ± sign (M ) is the usual curvature index k. This
15 The line-element obtained by sett ing n = 0 is not that given in Example 3.1, rather
it is the cy lindrically symmetric expression of the flrw models [51,124,194].
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int erpretation of M and T is valid for the whole general class. Moreover,
the singularity -free solut ion of the previous subsect ion is included in this
general family as the part icular case with M = a2 / 4 > 0, K > 0, n = 3,
T2 = cosh (at), N = 3K ± M .
As a matter of fact, there are also many singularity -free metrics in-
cluded in this family. Restricting our attention to those models satisfying
both SEC and DEC, the singularity -free subclass is uniquely characterized
by the following propert ies:
M > 0, K ³ 0, n ³ 3, T /= 0,
0 £ T, t t
T
+
T2, t
T2
± 2M £ (n ± 3) M ±
T2, t
T2
.
The ® rst of these condit ions says that these non-singular models are `spa-
tially open’ . This was to be expected due to Theorems 5.5 and 5.1 as SEC
has been assumed. If SEC were not taken into account other more general
non-singular models could appear, as already shown in subsect ion 7.3. The
discussion of why these spacet imes are g-complet e and singularity -free and
how they avoid the general conclusions of the singularity theorems is essen-
tially the same as that given in the previous subsect ion and therefore will
be omitted here. More interesting is that , from the last condit ion displayed
above it follows the remarkable fact that the general non-singular subclass
contained here and satisfying both SEC and DEC must have one and only
one single rebound time , which is de® ned by T, t = 0, see the expression
for the expansion. Whether this is a generic property of singularity -free
well-behaved models is not sure, but seems certainly plausible. For the
case under considerat ion this provides an invariant characterization of the
`bang’ happening at the rebound, where expansion changes from negat ive
to posit ive values. Therefore, the expanding era starts at the rebound and
will continue for ever. This rebound may be called the little bang because
it is completely regular.
From the above discussion is known that the metrics with n = 0
are the flrw spacet imes, while the non-singular models sat isfying SEC
and DEC must have n ³ 3. Hence, an int erpretation of the fundamental
parameter n is needed. A straight forward calculat ion using the above
formulas gives the relat ive shear
s
h
=
2n
Ö 3 (n + 3)
,
from which it follows that n measures the anisot ropy and inhomogeneity of
the model. Therefore, for this part icular class of models, the regularity of
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the spacet ime requires a minimum amount of inhomogeneity in the matter
content. This does not necessarily lead to contradict ion with observat ions
(see Refs. 124,135) . A more detailed analysis shows that the relat ive dis-
tance D between neighbouring world-lines of the ¯ uid congruence leads to
the following generalized Hubble law for these models [194] (
®
u is the unit
velocity vector of the ¯ uid)
u
m ¶ mD = D [1 ± n cos(2H ) ]
3
n + 3
H, (46)
where H stands for the Hubble function H º h/ 3, as usual. Here H is
a polar angle selecting the part icular direct ion of observat ion for each
part icle as follows: take the orthonormal spacelike triad f ®e1 , ®e2 , ®e3 g with
®
e1 µ ¶ r , ®e2 µ ¶ u and ®e3 µ ¶ z and de® ne the spat ial direct ion of observat ion
by means of the unit spat ial vector
sin H cos F
®
e1 + sin H sin F
®
e2 + cosH
®
e3 ,
where F is the other angle needed to de® ne uniquely the direct ion. From
formula (46) the receding velocity of typical part icles in the ¯ uid congru-
ence is independent of the direct ion iŒn = 0, that is to say, iŒthe model
is flrw. This is a logical result . For n /= 0 the receding velocity does not
depend on F . This is a very interesting property which is not obvious in
principle, because part icles outside the axis of symmetry could see diŒerent
receding rates depending on whether they look towards the axis or away
from it. However, this does not happen, which means that , at any possible
event, all direct ions with the same H are equivalent from this part icular
local point of view. On the other hand, neighbouring part icles recede in
expanding epochs for a given direct ion iŒ1 ± n cos(2H) > 0, so that for
0 £ n £ 1 all ¯ uid part icles recede independently of the direct ion. But,
when n > 1, there always exist a set of direct ions in which the part icles
do not recede but rather come closer to each other. This set of direct ions
const itute the solid interior of a double cone with vertex at each point ,
®
e3
as axis, and an opening angle of 12 arccos(1/ n ) [194]. The relat ion of this
with the observat ions of red- or blue-shift s is not immediate, because the
shift parameter should be computed using the null geodesics of the metric
and formula (43) . In any case, the value of n has de® nite and precise
implicat ions concerning observat ion, so that these models are testable in
order to see if they are realist ic or not.
Another remark is import ant concerning this family and regarding
in¯ at ion. A simple calculat ion for the decelerat ion parameter q de® ned by
u
m ¶ m
1
h
º
1
3
(1 + q),
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gives
q(t) =
1
n + 3
2n + 3 ± 3
T T, t t
T2, t
.
Then, it is readily proved that q is always negat ive for a period after the
lit tle bang of the non-singular subclass. The durat ion of in¯ ation depends
on the anisot ropy of the model through n . For flrw models (n = 0),
in¯ at ion typically last s forever and SEC is violat ed. The non-flrw non-
singular models have a ® n ite durat ion for in¯ at ion, which is shorter for
bigger n , and they can also satisfy all energy condit ions. For instance,
the singularity -free model of subsect ion 7.6 is in¯ at ionary after the lit tle
bang and for a ® nite period given by 0 < sinh(at) < 1. This seems to be a
generic property of singularity -free models [4,53,54,56,101,1 38,139,145,158,
178,247] which perhaps has not received the at tention it deserves, as there
is no need to violat e SEC: resort to the spat ially inhomogeneous models
so that a ® nite durat ion of in¯ ation with smooth exit can be achieved
without violat ing SEC nor DEC and, for the same token, one can also
have no singularity at all.
The general family of this subsect ion support s the view that the
singularity -free spacet imes deserve the name of classical cosmological mod-
els. The on ly basic concepts of standard cosmology, that is to say, the scale
factor and the curvature index, are here fully represented by M and the
arbit rary function T . Other parameters appear, specially n measuring
the `separat ion’ of any part icular model in the family with respect to its
flrw analogue, which may be de® ned by the same T and M with n = 0.
Questions such as the instability of the singularity -free models or their
hypothet ical zero-measure in the space of metrics loss their meaning here
un less they are raised against flrw models too.
Can these classical non-singular cosmological models be realist ic?
This is the fundamental quest ion, of course, and a possible answer has
been schematically put forward in [194]. The idea is that the lit tle bang
(that is, the regular rebound) may be used as a subst itute for the tradi-
tional big bang. Thus, the history of the Universe can be explained exact ly
in the same way as usual, because all that is needed is a very hot and highly
dense expanding era. The parameters of the models can be so chosen that
all mat ter decomposes into its elementary const ituents in the collapsing
epoch previous to the lit tle bang, and then the formation of light nuclei as
well as the exist ence of the cmbr can be explained without any di culty.
It remains, of course, the small anisot ropy in the spectrum of the cmbr
and the formation of structure. Concerning the former, it seems that the
models are not realist ic, but this depends on the integral (43) and is not
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clear in principle. Concerning the latter, these simple models can only help
part ially, as matter at least concentrates near the axis of symmetry. In any
case, one can always speculat e as follows: generalize the family presented
in this section by letting n (t, r). Then, the only new component of Tmu
is T01 , which can be interpreted as an energy ¯ ux in the radial direct ion.
These processes of energy transport may lead to the homogeneizat ion of
some regions (n = 0 there) and to the bigger inhomogeneity of some other
zones (n > 3) at present time. In this case, one can achieve a flrw re-
gion which is big enough to accomodate present observat ions, and at the
same time su cient ly small that no closed trapped surface appears. This
possibility was shown to be feasible explicit ly in subsect ion 7.2. The pro-
® le for n near present time does not have to be maintained inde® nitely
into the past because n depends also on t, and thus one can change n
smoothly such that n ³ 3 at the regular lit tle bang. In this way, one
can also have the realist ic equat ion of state p = . / 3 near the lit tle bang
by choosing n = 3 there. Furthermore, the model will be automatically
in¯ at ionary for a ® nite period after the lit t le bang. And, of course, it will
be singularity -free.
Therefore, in my opinion these models prove that the possibility of
constructing singularity -free realistic cosmological models has not been
ruled out at all by the singularity theorems nor by the combinat ion of
observat ions with them. Of course, other more general and sophist icated
models should do the job, but this simple family shows the way one must
follow in searching for those realist ic non-singular models. A ® nal ob jection
can be and has been raised concerning these explicit models. Hitherto, all
of them have cylindrica l symmetry so that it might seem that the non-
singular charact er of the spacetimes is a consequence of this symmetry. To
answer this di culty, a simple cosmological model with spherical symmetry
is presented in the next subsect ion. In my view, this may help to settle
this ® nal problem de® nitely.
7.8. A spherically symmetric singularity-free model
Some spherically symmetric perfect-¯ uid models with no big-bang sin-
gularity have already been presented in subsect ion 7.5. In this subsect ion, a
spherically symmetric cosmological singularity -free model recently found in
[53] will be shown. Of course, there many known regular spherically sym-
metric spacet imes [24± 26,123], but some of them are static and the rest
may be interpreted as the interior of ® nite bodies for they can be smoothly
matched to the Schwarzschild vacuum exterior. However, there was no rea-
son for the non-exist ence of classical cosmological spherically symmetric
(non-flrw) models without singularity, because the Raychadhuri± Komar
Theorem 5.1 cannot be applied to them as those models have non-zero
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accelerat ion in general. The possibility of existence of such models was
emphasized several times (see e.g. Ref. 195) , and Dadhich has been re-
cently successful in constructing a very simple one [53]. It seems that this
work is Ð at the t ime of writing this report Ð being generalized to a
general family of solut ions with better propert ies [55].
The manifold is 4 in spherical coordinat es f t, r, q , u g and the line-
element takes the remarkable simple form
ds
2
= ± [1 + a(t) r
2
]dt
2
+
1 + 2a(t) r 2
1 + a(t) r 2
dr
2
+ r
2
(d q 2 + sin2 q d u 2 ),
where a(t) is an arbit rary function of t which is assumed to be posit ive
everywhere. The computation of the energy-momentum tensor in the or-
thonormal cobasis h
m µ dxm gives the following non-zero components
T00 = a
3 + 2a r 2
(1 + 2a r 2 )2
, T01 =
ra , t
(1 + ar 2 )(1 + 2ar 2 )3 / 2
, T11 =
a
1 + 2ar 2
,
T22 = T33 = T11 + r
2 (3 + 5ar
2 )r 2a2, t ± a , t t (1 + ar
2 ) (1 + 2ar 2 )
2(1 + ar 2 )3 (1 + 2ar 2 )2
.
This matter content can be interpreted in several diŒerent ways, such as a
¯ uid with anisot ropic pressures and no energy ¯ ux, or a perfect ¯ uid plus
heat ¯ ux, or a combinat ion of perfect ¯ uid plus null radiat ion (see e.g.
Ref. 74) . The part icular interpretation is of no importance for our purposes
as long as the energy-momentum tensor satis® es the energy condit ions.
The spacet ime is static for a = const., and in this case it is a perfect-
¯ uid solut ion found by Tolman [224]. It can be seen that SEC will hold
whenever the following inequalit ies are ful® lled:
a2, t
a2
£ 4(1 + ar
2 )4
r 2 (1 + 2ar 2 )
,
2
(1 + 2ar 2 )2 (1 + ar 2 )
4a2 (1 + ar 2 )4 ± a2, t r
2 (1 + 2ar 2 ) + 2T22 ³ 0 .
There are many possible choices for a such that these condit ions are sat-
is® ed. In fact, a can be so chosen that these inequalit ies hold and at the
same time the metric has no matter singularity. Inspection of the above
displayed formulas show that this is feasible for a wide variety of possi-
bilit ies as long as a remains posit ive, bounded and well-behaved. Some
part icular choices can be found in [53,55]. St ill, there could appear some
curvature singularity in the Weyl tensor. However, this is not so because
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the only surviving independent component of the Weyl tensor ( C 2 = C0202 ,
Refs. 100,123,150) has the form
C 2 = ±
2a2 r 2
3(1 + 2ar 2 )2
+ r
2 (3 + 5ar
2 )r 2a2, t ± a , t t (1 + ar
2 ) (1 + 2ar 2 )
2(1 + ar 2 )3 (1 + 2ar 2 )2
,
which obviously remains also ® nite if the energy-momentum is ® nite. The
curvature components reach their maximum values at r = 0 and fall oŒ
like at least r - 2 for big values of r .
Therefore, the spacetime satis® es the strict SEC (whence the generic
condit ion by Propostions 2.5 and 2.6) , is globally hyperbolic and, as can
be checked, is g-complete. This spacetime has no closed trapped surfaces,
no point with reconverging horismos and no edgeless compact slices. This
last part is obvious because r reaches arbit rarily large values. The absence
of reconverging horismos follows because the family of radial null geodesics
has an expansion proport ional to 1/ r , which cannot change sign. Finally,
the easiest way to see the non-exist ence of closed trapped 2-spheres is by
computing the mass funct ion M (t, r ), which should be less than r / 2. The
explicit computation gives
2M (t, r ) =
ar 3
1 + 2ar 2
=) 1 ± 2M
r
=
1 + ar 2
1 + 2ar 2
> 0 .
Consequent ly, the singularity theorems are not applicable again because
of the failure of the boundary condit ion.
A ® nal quest ion remains. It could happen that this model were not
cosmological in the sense that it could describe a ® nite compact ob ject. For
this to happen, it would be necessary the existence of a timelike hypersur-
face s across which the spacet ime could be matched to the Schwarzschild
exterior solut ion. However, the Israel condit ions [113,143] would demand
then that the energy-momentum tensor on s were such that Tmun
m j s = 0,
where n is the spacelike normal one-form to s. Taking into account WEC
and the above propert ies of the spacetime, this would require inevitably
the following condit ion on s:
T00T11 ± T
2
01 j s = 0 =) a
2
, t
a2
±
(3 + 2ar 2 )(1 + ar 2 )2
r 2 s
= 0 .
Fortunately, this st ill leaves some room to choose a(t) such that this con-
dit ion is impossible and all the above condit ions are maintained.
Therefore, this is a family of classical cosmological models with spher-
ical symmetry and no singularity. It has some nice features, as for instance
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its perfect ¯ uid character at the centre r = 0 with a realist ic equat ion of
state p = . / 3 there. Other improved versions of this type of spacet imes
are currently under invest igat ion [55]. It would perhaps be interest ing to
study their propert ies, because they can certainly be also realist ic, the
spacet ime being isotropic around r = 0. Furthermore, it would also be
nice to have such a model with a perfect ¯ uid content all over. In princi-
ple, they are allowed, but there seems to be no example available so far in
the literature.
7.9. A ® nal curiou s example
As a ® nal curiosity, let us give yet another possible extension of
Schwarzschild spacet ime (Example 3.3) . This extension is completely reg-
ular and has closed trapped 2-spheres (it violat es SEC, as must happen
due to the result in subsect ion 7.1) , but nonetheless illust rates the fact that
the structure of the extensions may be quite complicat ed even in simple
cases. The model was found in [140] and its global maximal extension and
Penrose conformal diagram cannot be shown in a single sheet of paper.16
In Eddington± Finkelst ein-like coordinat es, and using the same line
element of the non-singular black hole of Example 4.3, one can choose the
funct ions m (r ) and b(r ) such that b = 0 and m = M for all r ³ 2M , so
that the spacetime coincides with Schwarzschild vacuum solut ion for all
r ³ 2M . This was already done in the explicit Example 4.3. However,
the continuat ion of m (r ) and b(r ) can be chosen such that now there
appear two (or more!) disconnect ed regions containing trapped 2-spheres.
A part icular completely explicit case satisfying WEC and with two such
regions can be found in [140]. In this case, there exist four values r3 <
r2 < r1 < 2M where 2m (r ) = r and the spacet ime is regular everywhere,
in part icular at r = 0, so that the 2-spheres with constant t and r are
trapped if either r1 < r < 2M or r3 < r < r2 . The corresponding Penrose
diagram is drawn in Figure 16, where there still appear incomplete null
geodesics reaching t ® ± ¥ with ® nite proper time and r tending to one
of the values 2M , r1 , r2 or r3 . One of its possible maximal extensions
is presented in Figure 17, so that the result ing spacet ime is b-complete.
Again, there is topology change but the extension is not so simple as before,
given the more complicated structure of horizons of the interior black hole
region and, in fact, the complet e Penrose diagram cannot be drawn in a
single sheet of paper.
In summary, in this paper there are at least eleven completely in-
equivalent extensions of the original Schwarzschild vacuum spacetime of
16 This global regu lar ex tension was const ruct ed together with my former student M.
MercÁe Mart Âõ n-P rat s.
i -
i 0
i +
+
-
- ¥
¥
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F igu r e 16 . Penrose’ s conformal diagram of the spherically symmetric spacet ime of
subsect ion 7.9. T here is an asymptot ically ¯ at Schwarzsch ild region with event horizon
at r = 2M , and a matter-® lled interior ( shadowed) zone with three other null hypersur-
faces r = r 1 , r 2 , r 3 such that 2m (r i ) = r i . Also, r = 0 is the origin of coordinates and
there is no singularity there. Every point of the doubly-shadowed `squares’ represent s
a closed trapped 2-sphere, such as the S shown. T he null geodesics reach the r i with
t ® ± ¥ but ® nite a ne parameter, and thus they are incomplete. T his spacet ime is
ext endible to the future and past across t ® ± ¥ , and a possible maximal ext ension is
given in the nex t ® gure.
Example 3.3, namely, the Eddington± Finkelst ein extensions (advanced and
retarded) , which are themselves extendible (Example 3.3) ; the Kruskal ex-
tension combining the two previous ones (Example 3.3, Fig. 1) ; two ex-
tensions by matching with an interior star, one with singularit ies and the
other regular (Example 3.3, Fig. 2); the unorthodox singular extension of
Example 3.3; another one by joining Eddington± Finkelst ein diagram with
Vaidya spacet ime (Example 3.5, Fig. 4); the extendible extension satisfy-
ing WEC (Example 4.3, Fig. 11) and its own maximal and singularity -free
extension (Fig. 12) ; and ® nally, the two new extensions shown in this sub-
section (Figs. 16 and 17) . This should make it completely clear that the
problem of singularit ies is unavoidably mixed with the quest ion of how,
why, when and to where a given incomplete spacet ime can be extended.
i -
i +i +
i + i +
i -
i -i -
i - i -
-
+
+
+
+
- -
+
+
-
- -
i + i +
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F ig u r e 17 . This is the Penrose conformal diagram of a maximal ex tension of the
spacet ime in Fig. 16. This conformal diagram cannot be shown in a single sheet of
paper, but a 3-dimensional model with the ident i ® cat ions as indicated is given . The
whole spacet ime is b-complete and SEC is violated. T he 2-sphere S is a closed trapped
surface and its E + (S ) is shown. T his E + (S ) is compact . Its Cauchy horizon, which
is not connect ed in this case, is also explicitly shown. T his is yet another inequivalent
ext ension of the asym ptotically ¯ at Schwarzsch ild spacet ime.
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